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Abstract

The present paper deals with the derivatives of Bernstein type operators preserving some exponential
functions. We investigate the uniform convergence of the differentiated operators. The rate of convergence
by means of a modulus of continuity is studied, an upper estimate theorem for the difference of new
constructed differentiated Bernstein type operators is presented.

1 Introduction

The study of the simultaneous approximation of a given function by linear positive operators is one of the main purposes in
Approximation Theory.

In the present paper, we investigate the above problems for the sequence of the Bernstein type operators introduced by Aral
et al. [7] in which quantitative and qualitative type theorems, in particular, an asymptotic formula and a saturation result were
studied for Bernstein type operators in the form

S (k
Guf () =G, (F5x)= D f (£ )e e p,  (a, (), x €[0,1], nEN, ®
k=0
where p > 0 is a real number, f is a continuous function on [0, 1] and
ux/n __ 1
4= S b =t =0, w0, ke, @
ep/n—1" " k

The inspiration in the construction of the operators (1) depends on the preservation of increasing exponential functions being in
the form exp,, (x) := e, u > 0. These operators are special case of a modification introduced by Morigi and Neamtu in [11] and
they are a generalization of the classical Bernstein operators with the connection

G, f (x) = exp, (x) B, (f.;a, (x)), ©)

where B,, (-; x) is classical Bernstein operator, f, := f /exp,, (say).For the sake of a convenient notation we shall use the notation
Gn,y := G,/ exp,, throughout the rest of paper.

It is shown in [ 7] that the operators G, present better (less error of approximation) approximation than the classical Bernstein
operator under certain assumptions on the whole interval [0, 1]. The operators G, both preserve exp, and expi and satisfy some
shape preserving properties depending on generalized convexity which is defined via the function exp,, .

The effectiveness of linear positive operators preserving some exponential functions takes much attention from the researchers
and corresponding modifications of the other operators have been extensively studied nowadays, among the others, we refer the
readers to [1, 2, 4, 5, 8, 10, 12]. In a more general case, positive linear operators preserving function = and 72 were studied in
[3]

Here we shall focus on simultaneous approximation behaviors of the operators G,, that is, we shall investigate the approxima-
tion D"gw (f;x) — D* fu(x) as n — oo for functions which are k (k € N) times continuously differentiable. The results will be

given in qualitative and quantitative form. An upper bound for difference Dkgw (f)=Gnkp (Dk f“) will be presented.

2 Auxiliary Results

We first give some lemmas which will be necessary to prove the main results. In what follows, we denote by C [0, 1] the space of
all continuous functions f : [0,1] — R, endowed with the supremum norm ||f || = max,[o 17| (x)|. Also we denote by C kTo,1],

k € N, the subspace of C [0, 1] for which the derivatives f ™ exists for every m < k, m € N, and each f™ € ¢[0,1].
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In the light of the definition given in (2), the following equality occurs:
@’ (=) b0, @

where b, (x) = H /n - for any k,n € N and for all x € [0, 1], which allow us to deduce the following first lemma which states k-th
order derivative of the operators G, , in terms of forward differences of corresponding functions.
Let D be the differential operator and Ail denotes the i-th order forward difference operator with step size 1/n, (n); is

Pochhammer symbol defined by (n); =n(n— i) ...(n—1i+1). Hence we have following lemma.
Lemma 2.1. Let x €[0,1], k,n €N, u> 0. For any f € C[0, 1] it holds that:

k n—i
Uk . . s
D4G,, (33 =2y (5) €lbi ) Y s @ 0 8L 4 (2, ®)
i=1 5=0 "
where Cl.k, (i=1,2,..,k) are constants satisfying the following relations:
Cf = Cf=1,C=0,C=0ifn>k
ck = ick'+cH], i=2,.,k—1.
Proof. The proof will be given by induction on k. For k = 1, taking into account that C; = 1, we have

DG (30 = D1 (£ )], (a, .

Indeed, using (4) the above equality can be rewritten as follows:

na, (x)Zf( ) [Pucssor (@0 (6D = Prcrs (0, ()]

DG, . (f;x)

na) (x)ZpH,S CHENSTA LY

i (&), (x)an MCHE)INTAED

Let us now assume that (5) is true for k — 1. That is, the equahty

k—1 k=1 n—i
pk-1 xX) = (E) ck1p : Al (5)
9o (320 = 2 (1) G710, 00 2 pncic an CN A f
holds. Then we can write

DHIG,, (%) = n(%)k_lbn(x)nzlpn_l,s(an(xm%fu(%)

+Z:Z_::(Tl)i (%)k—l Cl.k—l b; (X)Z:Pni,s (a, (x)) Ai%fu (%)
n—k+1

rma(8) 7870 3 pen e8]

In the last line of the above equality we use the facts Ck = C" 1 = 1. Taking one more derivative of D*~ G, . (f;x) and using
(4), we obtain

D(D¥1G,, (%) = “(%)kbn(ﬂnz_lpn—ns(an(x)m%fu(%)
s=0
+n(n—1) (%)k b? (x)jzszn_z,s CHENINTAEY
+Z(n)i (4) i, (x)cf—lgpni,s CHEINTA S

k2
+; (n)is %) C_k—l b’iq+1 (x) ; Pn-i—1x (@, (X)) Ai%ﬂfu ( )

S
n
n—k+1

(
(L) w- DB () 2 puckess @ A7)
I

+mya (E) B (- k+1)Z ERCHE)INFAEY
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which allows us to write

Then in view of the equality
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k=1 m k n—i s
oo = S8 st Spetocons ()
G (30 = 2 () 18, COGT 2P (n DAY
k—1 u k ) n—i—1 ) s
#2300 () €707 00 2 puas NP ()
Rearranging the second term of the right hand side of the above equality we get
k—1 m k n—i s
k . — N k—1 i
DG (i) = 25 (T) 8,606 D pns @ N A ()
k n—i
BE i S
DICIGEFDIC) WRAOINAC]
Taking into account that Cf' =0 and C{' = 0 we can deduce that
k n—i
. — B — i $
DHGnfix) = (1) i,IC Db (@ D2 (7)
k n—i
B kg i $
DICIFEFDIC) WINHOINAC
: AN B S| < i s
= 20 (3] B + ) 2 pni @) ALL(3)-
ck=icf'+c),
O

we get the desired result.

On the other hand, it is also possible to have a representation for k-th order derivatives of the operators G, , for functions
belonging to C*[0,1]. The following representation which is based on a certain relation between forward difference and an

auxiliary operator on C* [0, 1] which will have crucial role in next section.
Lemma 2.2. For f € C¥[0,1], n,k € N and p > 0 we get

k

DG, (13 =3 (4) by () £, (D',

i=1

where . .
) n—i a [ s _
‘Cn,i(leu;x):(n)inni,s(an(x))f J leu(;‘i‘vl"r""{'vi)dv
5=0 0 0
anddv=dv,...dv,.

Proof. If we consider the equality for g € Ci[0,1] and i € N (see [9, Page 91]) is

1/n 1/n
Ailg(x)zf J Dig(x+v, +--+)d,
" 0 0

in view of (5) we have
k

(Y crm S [ [ (S
(E) i D, \X niszopn—i,s a, (x . . fu(; V1

i=1

D*G, . (f;x)

k

- 3

i=1

)k Clby (%) Ly (Difu;x)'

SRS

This completes the proof.

Let us point out that, as a conclusion of Lemma 2.2, we immediately have the following:

(6)

@)
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Remark 1. For x €[0,1], k € N and u > 0, we have

ko k—i i
tim (£) b0 = gim (2) (b))
n—oo \ n n—oo \ n n
pNk=i (o em/ i
- m () (4
n—oo \ n new/n—1
= 0’

fori=1,2,...,k—1, in view of Lemma 2.2 we can write

I

M-

Y
I

k . .
D¥G,, (f3) 2 ) Clbl () £ (Dfi0)

= (%)kcikbi(x)[fn,i(Difu;x)+(%)kb’;(x)[,n’k(Dkfu;x)

Il
S

k
W+(E) sEe) L0 (Df5x),
where

hm( ) bk(x)—l

n—oo

Thus for the approximation properties of the operator Dkgw it is enough to consider the auxiliary operator £, ; (Dk).
Now we calculate the exponential moments of the auxiliary operator L, .

Lemma 2.3. For n,k €N, x €[0,1] and u > 0, the followings hold:

: ) — ()
l) £n,k(eO:x)_%:

k px(n—k)

ii) Lo (exp“;x) = EZ—)i (e% - 1) e n

iii) Lo (expi;x) = % (ez# - 1)k ((e% — 1) (e% + 1) + 1)n_k.

Proof. By the equality (6), we get

‘Cn,k (eO; X)

n—k % %
(”)kzpnfk,s (a, (x))J J iz
5=0 o .

(Tl) n—k
= T P @ ()
(e

nk

and we have

n—k
Lo (expsx) = (i) Puis(ay (x))f f et gz

(1) pory
u

Also,

n—k i i
Lo explix) = (n)kan_k,s(an(x))f f 2(iratia) gz
s= 0 0

n—k
- ((Z’Z)kk( F-1) Y b @, 0¥
_ (;'Z)kk (7 —1)k[(e% —1)(e" +1)+1]n_k.
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Further, in order to prove uniform convergence of the sequence of derivative operators of order k, we need the following
limits for auxiliary operators.
Lemma 2.4. Let exp,, = (et —e"*) for u>0and x,t €[0,1]. For n,k € N, we get

lim ||£n,k (eXpu,x; )“ =0

and
tim (2o (exo?:-)|| =0
Proof. Using Lemma 2.3, we have
(G () A
[ £oi (exp,s0)|| = max (ﬁ(eﬁ_l) e _n_kk)eu
(M) ( k
Rk (eh —1) =1,
w1

which tends to 0 as n — o0o. Using serial expansion of exponential functions and elementary calculations, we have
(n) [ ke ux u n—k

en —1 en —1)(en+1)+1
D (-2 (¥ ) (e +1) )

— ezux + ez,ux (

—u?x? —2kux + ux )

n
e 1, 3_ 4.3 2,2 2 3,2
+— E,ux +2kux® —ptx 4+ 2k px® —2ku’x
n
142 3,3 2,2 332 2 ]'3 1
+ —uixt Ut Hkutxt — -t utx+ —ptx |+ 0O —= ).
2 2 2 n3

Thus from Lemma 2.3, we can write

Cn,k (expi,x;x) = (s (ezT” —1)k [(e% —1)(e% +1)+1]n_k

2u)*
n k xk n
—2e2Hx —E ;i (e% - 1) e e G} Zk
uw n
_ (—,uzx2 —2kux + u?x )
n
ezux

1
o (5“4)(4 + 2kpux® —u*x® + 2k%u2x? — 2kucx?

1 3 1 1
+optx? + pdx® + kulx? — Zpdx? +ulx + —,u3x) +0 (—)
2 2 2 ns3

e2Hx (% —1) + 2e2x (% (e% —1)k e —1)
U

and
Zx 2ut+2kp + 2k2u? + 2u® + ku? + u? 1
sup |Lox (expi’x;x)’ < 632“(u + 2 b MZ g e +O(—3).
x€[0,1] n n n
=B (x). (say) ®)
On the other hand, since
k X |
lim ﬂzland lim ﬂ(e%—l) e‘“Tk =1,
n—oo nk n—o0 (M)k

we have
Lok (expﬁ’x; )H =0.

lim ’

This completes the proof.
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3 Main Results

Now we are ready to give our main results which consist of uniform convergence of the sequence {Dkgw (f )} for functions
belonging to C*[0, 1], rate of simultaneous approximation for the sequence of {Dkgw (f )} to k-th order derivatives of corres-

ponding function. As a last result we will investigate the rate of norm convergence for difference Dkgw (f)=Gnip (Dk fu) via
modulus of continuity.

Theorem 3.1. If f € CX[0, 1], then sequence {D"Qw (f)} converges to Dkfu uniformly in x on [0, 1].

Proof. The set {eo, exp,,, expi} is an extended complete Tchebychev system, it is easy to prove that {Emk (eXpL)} converges to
expL (x) for each i = 0,1, 2 uniformly in x on [0, 1]. As an immediate consequence of Lemma 2.3, the followings hold:

lim £, (eg;x) = 1,
n—oo ?
. . . .
nll)rgo Lnk (expu, x) = e
2ux

I
o

nlirgo [:n,k (expi; X)
for each x € [0, 1]. For the uniform convergence, we have from Lemma 2.4 that

12 (exp,) —exp, || = 0

and
‘ Lok (expi) —exp, || =0,
as n — 0o. Thus from Korovkin theorem we have
lim [|£,,(g)~g|=0 ©)

for all g € C[0,1]. As in given Remark 1, since

k
DG, (F) =0 (D) + (£ ) b (x) £, (D", )

n

and
Uk

lim ‘(—) b (x) — 1H =0, forall k€N,

n—oo n
using (9) for g = fu(k) we have

k
i 06, ) -p ] = m ((4) 601 20 (05
+ lim [|£, (D*£,) = D1, |
= 0.
Hence, we have the desired result. O

The following theorem presents an estimate for the above convergence by means of the first order modulus of continuity w
which is defined for functions f € C[a,b] (a,b €R, a < b) as w(f;86) =sup{|f (x)—f (¥)|:x,y €[a,b],|x —y| < 6} with
& > 0. The modulus of continuity is increasing with respect to & > 0 and also satisfies the inequality w (f; A0) < (1 +A) w (f;6),
6,A>0.

Theorem 3.2. If f € C¥[0,1], then we have
Uk (n) (n)
(B) she=1 S o + o (1 - )

+ (1 + (%) (D f, olog,; /BL, (x))

for x €[0,1], where /S::k (x) is defined as in (8) and w (f;-) is the modulus of continuity of f.

|D*G,, (f;x)=D*f, (x)| < o(1)+

Proof. By applying classical Shisha and Mond technique, for any g € C [0, 1] we have

lg()—g () = |(golog,)(e")—(golog,)(e™)]
< w(gOIOgH;|e‘“—e“x|)
t_ L ux)2
< (l—f-(eué—zeu))w(gﬂoguﬁ), 6>0. (10)
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On the other hand, with the facts £, (ey; x) <1 and £, are linear and positive operator, we get

| Lok (g3%) — g () | £,k (8 (6)— 8 (x);%) + g (x) (Lo (3 x)— 1))
Lo (18 ()= g ()5) 148 () (1= L, (€3 %))
g GO (1= L,k (€05 %))

1
+w (g olog,; 5) [Cn’k (eg; x)+ §L (expux, )]

Al

IA

Choosing 6 = 1//5::,( (x) which is given in (8), from Lemma 2.3 we deduce
(n)
e lgm—g0| = lel(1- %)

+w(g010gﬂ;,/ :,k (x))(l—kﬂ) an

Thus, from Remark 1, we can write

DG, (Fx) = o+ (L) b0 £, (05)
p

- o(1)+(( )b"(x) 1) L, (D*f5x)

+Lx (D fu;x).

As a conclusion we obtain

k
056, (F30 =D, ()] < o) +{( &) bE (=1 £, (D41,5%)
k
+(E) bE 0ol (0 %) = D4, ()]
k
< o+|(4) 1| [P £k o)
k
+(£) bE 0ol (D f5x) = D4, ()]
Using (11) for g = D¥f,,, we have the desired result. _

Now we estimate the difference Dkgw (f)=Guip (Dk fu) in terms of moduli of continuity.
Theorem 3.3. If f € C¥[0,1], then we have

19460 )= G £ < 0+ XD ey

N oy
((n) (22) 1)l

k
kg
w (D f‘“ ;) .
Proof. Using the representation given in (5), we can write

Dkgn,u (f5x)=Gnip (Dkfu; x)
3 k=1 m k i n—i i s
- ;} (n); (;) Ckbi (x);): Poeis (0, () AL S, (;)

(L) (x)gpnk,s CHEDINTAEY

o)

n—k
= 2P (@ GNP, (=

On the other hand, by Remark 1, we reach
Dkgn,u (f’ X) - gnfk,u (Dkf,u; X)

= 0(1)+nz_kzpnfk,s (a, (x)) [(n)k(%)k b} (X)Ak%fu(%)_Dkfu(nik)]'
=0
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By mean value theorem, we can write
s 1
oS
%fu n nk fu (gs) >
where £ < &, < £ Hence, we have

Dkgn,u (f;x)_gnfk,,u (Dkf“;x)

n—k k
= oW+ b @ | (£) b0 B, -t ()]
s=0

nk n—k
which direct us to

D*G,, (f5%) = Gy (D f5 %)

n—k
(n)
= oW+ D pc @ {(TE1)p e+
(M (B & k k k s
SO (B s o-1) oo+ (04—t ()}
Since
0<1—@sM and S < <SR f0<n—k<s
n 2n n_ n—k n
we have the desired result. O

Here we note that similar result of Theorem 3.3 was obtained for Bernstein type operators in [6].
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