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ABSTRACT. In the present paper we propose a generalization of the Baskakov
operators, based on ¢ integers. We also estimate the rate of convergence in the
weighted norm. In the last section, we study some shape preserving properties
and the property of monotonicity of g-Baskakov operators.
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1. Introduction

Along with the prevalence of g-analysis methods in approximation theory, the
study of operators sequence has attracted more and more attention. Currently
it continues being an important subject of study. It has been shown that linear
positive operators constructed by g-numbers are quite effective as far as the rate
of convergence is concerned and we can have some unexpected results, which
are not observed for classical case. This type of construction was first used
to generate Bernstein operators. In 1987, Lupas [17] defined a g-analogue of
Bernstein operators and studied some approximation properties of them. In
1997, Phillips [25] (see also [27]) introduced another generalization of Bernstein
operators based on the ¢-integers called g-Bernstein operators. Research results
show that g¢-Bernstein operators possess good convergence and approximation
properties in C' [0, 1]. These operators have been studied by a number of authors,
we mention the some due to II'inskii and Ostrovska [16], Oruc and Tuncer [21],
Ostrovska [22], [23] and Videnskii [28] etc. Heping [14], Heping and Fanjun
[15] discussed Voronovskaya-type formulas and saturation of convergence for
g-Bernstein polynomials for arbitrary fixed ¢, 0 < ¢ < 1. Further results on
certain g-Bernstein Durrmeyer operators are also discussed recently by Finta
and Gupta [10] and Gupta and Heping [13].
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The g-analogue of Szasz Mirakyan operators was introduced and approxima-
tion properties of them were obtained in [4] and [5].

This, along with the recent work in this area, motivated us to study further
in this direction. The aim of this paper is to study the approximation properties
of a new generalization of the Baskakov operator based on g-integers. First, we
recall classical Baskakov operators [7], which for f € C'[0,00) are defined as

— (n+k—1\ k(K
matha =3 (") e () (1)
for x € [0,00) and n € N. We mention here that some generalizations of the

operators (1.1) are proposed and studied by several researchers see e.g. ([12],
[11], [1], [2], 8] and [24]).

We denote
(z,q),=(1—-2)(1—qx)... (1 - q”flx) = H(l - qj:z:).
§=0

Let parameter ¢ be a positive real number and n a non-negative integer. [n],
denotes a g-integer, defined by

[n]q:{fll’—qnml—q), Zif

The factorial of g-number [n],, which is defined by

[n]q‘ _ {[{L}q[n—l]q...[ﬂq; Zié,l...,

)

is called g¢-factorial of n.
The g-binomial coefficient [ Z } which is the generating function for re-

stricted partitions is defined by

{ n ] o (@, 9)n _ Mq!
k q (Qa q>k<q7 q)n,k [k]q‘ [n - k]q'
for n > k > 1, and has the value 1 when k& = 0 and value zero otherwise (see
[26] and [3]).

We recall that the g-derivative operator %, is given by

2uf @)= TS (12)

and Z,f (x)|,_, := [ (0). Also ng =f 2;f =9, (@;_1]"), n=1,2,3,....

The g-analogue of product and quotient rules are as follows:

D4 (f () g(2)) = g () Dof () + [ (q2) Dgg (2). (1.3)
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2, (f(x)> _9@) Zof (@) = f () Zog (2)

g(z) 9(2) 9 (q2) (14

For details see [9].

Very recently we [6] introduced the following g-analogues of the Baskakov op-
erators. For f € C'[0, 00), ¢ € (0, 1) and each positive integer n, the g-Baskakov
operators discussed in [6] are defined as

pn,C,(f;x):(Hx ) Zf( k;j )[“,’j‘lh(ﬁx)k (1.5)

" k=0

and

P;:,q<f;x>:( )sz< ! )[“’g“ qujx)k (16)

The above g-analogues of Baskakov operators are defined for ¢ € (0, 1). For
these analogues we are not able to study the g-derivatives and their applica-
tions. The new operators which we propose in the present paper are defined for
q > 0, also for the new generalization we obtain ¢-derivative and applications of
g-derivative to them.

The present paper is organized as follows: in Section 2, we introduce a new
generalization of Baskakov operators (1.1) by using g-integers which is different
and improved from (1.5) and (1.6), we also establish moments using the g-deri-
vatives. Also we propose a representation of the g-Baskakov operators in terms
of divided differences. In Section 3, we deal with rate of convergence in the
weighted norm. In the last section, we study some shape preserving properties
and the property of monotonicity of ¢g-Baskakov operators.

2. Construction of operators and some properties of them

For f € C[0,00), ¢ > 0 and each positive integer n, a new g¢-Baskakov
operators can be defined as

Bro(frx) = i [ n+llz—1 qu(k21)xk(—$7Q)nJ1rkf (ﬁ@fiﬂq)

k=0
N [Klq
= kzzogvmk( )f<qk1[n]q)' (2.1)

While for ¢ = 1 these polynomial coincide with the classical ones.
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DEFINITION 1. Let f be a function defined on an interval (a,b) and h be a
positive real number. The g-forward differences Vj of f are defined recursively
as

Vof () = fl(z;),

Vittf(z;) = ¢'Vif(xjs1) = Vif(z;)
for r > 0.
Note that the above definition is different from definition given in [26, pp. 44].
As usual, we show divided differences with f [xg,x1,...,2,] at the abscissas
Loy X1y, Tp.
We now show following general relation that connect the divided differences
flxo,x1,...,z,) and g-forward differences.

LEMMA 1. For all j,r > 0, we have
7‘(2]’27‘71) V;f (.Z‘])

S (2.2)

f [xj,.’lij+1, Ce ,xj+r] =dq

where x; = q[j},"l .

Proof. Let us use induction on r. By Definition 1, the result is obvious for
r = 0. Let us assume that the equality (2.2) is true for some r > 0 and all j > 0.
Since

[r+1],
Ljtr4+1 — Tj = qj+r
we have
flejwipr, oo Tyl
Sl Tipega] = flmg, o T

Ljt+r+1 — Lj

B gitr r(2j4+r+1) VZf (zj+1) r@itr-1) sz ()
— q 2 | 2
. !

[+ 1] R (!
it q"Vuf (zj11) — ng(xj)
=4 [r+ 1]q!

(r+1)(25+7) V;Jrlf ()
[r+ 1]q!

0

LEMMA 2. Forn,k > 0, we have

Dy [o* (~2,0), 0] = ], (o)t = da ok () (23)
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Proof. First, we prove that 7, (—z,q), = [n]q (—qz,q),,_,. Using g-derivative
operator (1.2) we have

Dy (—2,9), = (g _11> . < 1;[ (1+¢ta) - ]1:[0 (1+ qjx)>

= H 1—|—q]+1 ) (1 +q"x) — (1 + 1))

q—l Jrair,
- qq—l H(1+q]+1x)
=0

= [nlq(=gz,9), -
The g-derivative formula for a quotient (1.4) imply that
—[n+kl, (=42, q), 11
(—m, Q)n+k (—qz, Q)n+k
=~k (2 @) (2.4)

Do~z =

Also it is obvious that
7 [k:]qufl. (2.5)
Then using (2.5) and (2.4), the result follows by (1.3)

Zy o (.0 ] = W, 2% (@)t — 0 I+ K, (s a)
O

We wish to calculate the moments. For this purpose we give g-derivative of
B, 4. Next Theorem gives a representation of the rth derivative of B, ; in terms
of g-forward differences.

THEOREM 1. Let r > 0. Then the rth derivative of q-Baskakov operator has the
representation

D! By (fr7) = ”” _" quqw ©)Vol (qﬂﬁz}) (26)

Proof. We use induction on r. Equality (2.3),
n+k n+k
i Lyfﬂ]q_[n}q{ : L

[”*’;_1 L[n—l—k]q:[n}q{ :

and
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imply that
DqBnq(f, )

—~[n+k—1 k(k—1) _ _ [klq

- —1{ k Lq LIRS 1(_x’q)"i'“f<q“[n}q)
e p— k(k—1 _ k

Y MR et e, oot s (W5 )
k=0 q q

— [n}qi {n _]L_ quk(k2”+kxk (—x’qﬁiwl (f ([Z}j{‘nﬂfJ) -7 (qk[ki]fqn}))

k=0

Zq‘@"“k % (it )

It is clear that (2.6) holds for r = 1. Let us assume that (2.6) holds for some
r > 2. Applying g-derivative operator to (2.6) we have

Py (Bug(f, x))

[ +r_1q n+k+7“—1 k(k*1>+7‘k
q

) _ . k
X .’,Ck 1(_x7q)n«1kk;+r vqf (qk[l}[(fﬂ]q>

—1],! & — (k=1
=1 Z|:n+k;€'—r 1} I+ kgt s
q

[n —1],! —
k -1 r [k]q
Xz (_x7Q)n+k+T+1 qu (qk_l[n}q
n+k+r k=1 | (rd Dk ke 1
- 7’L q| kZO |: :| q * D) T (_'xvq)n+k+r+l

‘ (mf C’ZJJ?) - (i)

k
Z (T+1)k‘@n+r+1 3 ( )vg—}—lf (qk[l]q )

14! =0 [n]q

This completes the proof by induction. O

COROLLARY 1. g-Baskakov operators can be represent as

Boy(f) =3 " i Gr )

—0 [n — 1! ]!
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Proof. By Theorem 1 we have

Dy Bug(fo0)),_y = [”{::]ql!]q! 28 1,0 0) Vi (0)

= Tl VO

for r > 1. By using above equality in ¢-Taylor formula given in [9], we get

[oe] r

[n+7r—1] x

|
B g(f @) = TV ) (2.7)
! ; [n — 1! ! [r]q!
d
From Lemma 1 and Corrollary 1, we have following corollary.
COROLLARY 2. g-Baskakov operators can be represent as
[+ =1 _re-n { 1 [2, [rl, x”
Bn, f; T) = q 2 f 07 i et .
o =2 Ly " alnly” " =g [l

We are now in a position to give the moments of the first and second order
of the operators B, 4.

LEMMA 3. For B, (t™,z), m =0,1,2, one has

B,,1,z) = 1.
B 4(t,z) = =,
T 1
B, ,t*r) = 2%+ <1 + x) .
! [n]q q

Proof. It is well known [26, pp. 10] that
G

e (2.8)

flwo @1, @]
where £ € (29, z,). We also see from Lemma 1 and (2.8)
r(r—1)
VL o) £
]! a rl

Thus it is observed that rth g-forward differences of ™, m > r, are zero. From
(2.7), we have

Bpg(1,2) = 1. (2.9)

For f (x) = x we have VOf (0) = f (0) = 0 and V1 (0) = f ([,ﬁ]q) — 1) =}
and it follows from (2.7)
B, (t,z)=2x (2.10)
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For f (x) = 2* we have V) f(0) = f(0) = 0 and V_ f (0) :f([nl}q)—f(O) = [nl}z
and V2 (0) =af (2 )= +a) £ ()~ F O

By (t?a) = " :ql] <(11[2} 1) ot [Ziq
- ( 1+q)—1>x2+[;jq
= 2%+ q[n]q {:j‘q
_ 2. [s]q <1+ ;x> (2.11)

0

The following proposition is the another application of g-derivatives, which
enables us to give the estimation of moments:

PROPOSITION 1. If we define

k m
Utnte) = Buste 1) = 2 (W )
[7]q
then Ul o(x) = 1, U (x) = x and there holds the following recurrence relation:

[n}qu,m—}—l(qx) = q:l?(l + x)Dqu,m(‘x) + qw[n]qu,m(qx)v m > 1.

Proof. Obviously Y 2!, (z) =1, thus by this identity and (2.1), the values
: :

of Uly(z) and U/, (z) easily follows. From Lemma 2, it is obvious that
(14" Fa) D, 2! | (x) = (kg — ¢*[nlgx) 2, (), which implies that

g B k], nly 4
r(1+x) 2,2, (x) = 51 [n] —qr ¢ Py (qx).

Thus using this identity, we have

go(1+2)D,UL . kzoqx L+2)D 2}, (@ )<qk£k1]§1]q>m
_ m; (M ) ot (B )"

= [n]qu,m—i-l(qx) - qx[n}qu{’m(q:I:).

This completes the proof of recurrence relation. O
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3. Approximation properties

We set
Bs (Ry) = {f eC(Ry): lim /1) exist}
and
By(Ry):={f: |f ()| < By (1+2?)}

where By is a constant depending on f, endowed with the norm | f|l, :=
sup ‘[fjﬁé’ As a consequence of Lemma 3, the operators (2.1) map Es (Ry)
x>0
into B (R4). Since for a fixed value of ¢ with ¢ > 0,

=g

By, 4(t?,2) does not converge to x? as n — oo. According to well known

Bohman-Korovkin theorem, relations (2.9), (2.10) and (2.11) don’t guarantee
that lim B, 4, f = f uniformly on compact subset of Ry for every f € E5 (R4).
n—o0

To ensure this type convergence properties of (2.1) we replace ¢ = ¢, as a se-
quence such that ¢, — 1 as n — oo for ¢, > 0 and so that [n}qn — 00 asn — 0.
Also, B, g, f are linear and positive operators for ¢, > 0. In this situation, we
can apply Bohman-Korovkin theorem to B, 4,. That is:

THEOREM 2. Let (q,) be a sequence of real numbers such that q, > 0 and
lim ¢, = 1. Then for every f € Ey (R4)
n—oo

lim By, g, f=f

n—oo

uniformly on compact subset of R, .

THEOREM 3. Let q = q,, satisfies g, > 0 and let ¢, — 1 as n — oo. For every
[ € B2 (Ry)
B . _
lim Sup | n,qn (f’x) f (x)’

= 0. 3.1
n—00 z>( (1 + .’E2)3 ( )

Proof. Since f is continuous, it is also uniformly continuous, on any closed
interval, there exist a number § > 0, depending on ¢ and f, for [t — x| < § we
have

If(t) = f(2)] <e.

Since f € By (Ry), we can write for |t —z| > 0

1f(8) = f (@) < Ap () {(t = 2)" + (1+2%) |t — ]},

where Ay (§) is a positive constant depending on f and .
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On combining above results, we obtain
[ (8) = f (@) <e+Ap (6) {(t —a)” + (L+2°) |t —2l},
where ¢,z € Ry. Thus, we have
|Bn.q,, (f;z) = f(2)]
<e+ Ap () {Bugu (=) 1) + (1+02) Bug, (1t - 2l32)}

and from Lemma 3

‘Bn,qn (fsz) = f ()] 1 1 1 1
W e A0 { SRCE \/ o, (1 0) } ’

and this completes the proof. O
Remark 1. Using the similar method given in [1, p. 301], we have

T 1
(Bua, (f32) = f (@) < Moy (f, \/ o (1 0e) ) ,

where ws (f;9) is classical second modulus of smoothness of f and f is bounded
uniformly continuous function on Ry. Thus we say that the rate of convergence
of By q, (f) to f in any closed subinterval of Ry is Y 1] , which is at lest as

(nlqn
fast as \/1" which is the rate of convergence of classical Baskakov operators.

4. Shape preserving properties

DEFINITION 2. ([24], [18], [19]) Let f be continuous and non-negative function
such that f(0) = 0. A function f is called star-shaped in [0,a], a is a positive
real number, if

flozx) <of (x)

for each «, a € [0,1] and z € (0, al.
From the definition of g-derivative (1.2), the following lemma is obvious.

LEMMA 4. The function f is star-shaped if and only if x P4 (f) (x) > f (z) for
each q € (0,1) and x € [0, al.

THEOREM 4. If f is star-shaped, then By, , (f) is star-shape.

Proof. From Theorem 1, we can write

Dy (Bug(f,z)) — Dralhs®)

T
= k k(k—1 B
= quqk Véf (qk[l]fqn} ) { n_;;k } q “ >xk (—x,q)nik+1
k=0 q q
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_if< [klq ){n—{—k—l
k=1 ¢l K q

[ n+k k(k—1) _1
= {n} Z |: k :| q quk (—.’IJ, Q)n-l-k-i-l
q

k(k—1) 5
q 2 .Z’k 1

—1
(—{E, q>n+k

k=0
(o) =7 ()~ e (o))
Since
1= [k+11]q = [k:q[f]f}q
we have qu(f’ x)

Dy (Bualf2) = 0

Zq’“@fiﬂk(k!ﬁ <[ m%)—f(qkf]ﬁﬂq)). (4.1)

Since f is star-shaped, we have

ent Coon) 27 (o)

From this inequality and (4.1), we have desired result. O

Now we give a certain monotonicity property of the ¢-Baskakov operators
defined by (2.1). Similar results for classical Baskakov operators was given in [8].

THEOREM 5. Suppose f (x) is defined on (0,00) and f(x) > 0 for x € (0,00).
If ff) is decreasing for all z € (0,00), then 2, (B”’qéf;z)> <0 for x € (0,00)
and for all g € (0,00).

Proof. From (2.1) we get
Brq (f;2)

If we take g-derivative of above equality and using Lemma 2, then we have

9, (Bn,q (fm))

DOV (e e B e
2 4 q

k=
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> k]q n+k—1 R(k=1) k=1 k—1 -1
— f o : [n+kl 2" (=2,q) e
2 (i, )" Lq ! s
+ %( xo) (—z q)nl)
Also using (1.3) and (1.4), we get
2 (" o) =1 ot =, o

Therefore

(07)

k kkl _
- Zf( ) R e

n+k—1 R(k—1) k—1_k—1 -1
_Zf ( _ Ja ) |: :| q 2 [n+ k]qq x (_xaq)n+k+1
k=1 qk 1[”]‘] k q

S ot =Y oo
Using the identities
k] = [
[n+llz L[ T, = {n-};kh[n]q
we have
7, (Bn’qif;x)> = :1 { e qu(@“x’” (=2, Ot
() [Z:{nffq -1 () q[k]w> 4,
I ot Y o

Since f (z) > 0 and f(;) is non-increasing for = € (0, c0),

2, <Bn,q (fm)) <0

xT

for all ¢ € (0,00) and z € (0, 00). O
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5. Monotonicity property

Now we give the following relation between two consecutive terms of the
sequence By, , (f). Note that similar result for classical Baskakov operators was
given in [20].

THEOREM 6. If f € C(R+) then the following formula is valid
Bn+1q(f .%‘) (fa )

e it [ 1]
)

[ [k]q [k + 1], [k+1}q}
¢ tn+ 1]q’ q*n + 1]q’ qk[n]q

|
L M

Il [+ 1],
[n+k+1]
[n+1]

q

~

q
Proof. Using the equality

1=1 +qn+kfl7 _ qn-‘rkx7
from (2.1) we can write

Bn-l—l,q(f' .Z‘)

Sl

k=0
=2 (')
k=0
-2 7

|
|
(., f;g;l )[”ﬂ o i
(-t
)

=+

) _
k :| k(k 1 k( x’q>nik+1

" k} " ok ()
'y 4/ n+k

= f(0) (~z,9)," + f

pard 'l
n+k k(k—1) _1
F=1[p ) { k } ¢ = () N
=1 q

q
[n+k} ke~ 1>qn+k kL -1

z, q>n+k+1

_ Z f (
Thus, we have

Bn+1 q(fv )

[k + 1], n+k+1] wx-n _
=0 q) - Z f ( ){ k+1 ] q > gttt (_x7q)n-|1-k+1
‘1 q

n+k RESD ptk, ket -1
_Z'f< k— 1n+1} > |: k :|qq q z (_xaQ>n+k+1~
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Since

nq(f§ )

:f —T Q) +Zf< > [ ntk—1 ] qk(k;l)xk (—x,q);}rk
q

- mﬂ—%qﬁl+§;f<qﬂmj>{21f qq

we have

Bn+1q(f .%‘) nq(fax)

k(k—1) k: k 1 —1
Zq 2 + xvq)n+k+1

k(k—1) -1
] > gFah ! (==, q>n+k+1 )

(r(Et ) e,

(el ) [ (i [a1])

Using the equalities

[n+k+1]__m+k+uq[n+k]

k+1 [k + 1], k
and
n+k ] [n]g n+k
LR S VPR A
we can write
Bn—i—l,q (f7 $) - Bn,q (f7 .%‘)

ad k(k+1) 4. q —1 ’I”L-l—k’
= —Zq > gt (_xaq>n+k+1 k

k=0

( ”f( . yf;]ﬁu ) B [n{;—ﬁ]i,]qf (q

Using the inequalities

|

e Y e g (B,

[k +1], K, [kt
¢, ¢+, ¢l n+1],]
k+1, [£], B 1
Fn+1, ¢ tn+1],  ¢Fn+1],
e k+1, [k+1,  ¢"[k+1],
¢, ¢+, 1 nl,
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we can easily seen that

kg [k + ] k+1
/ [qkl[nﬂ]q’ ¢+ 1] }

SR ( ()

i (s ]1]> “wen,! ()

This proves the theorem. O

We know that a function f is convex if and only if all second order divided
differences of f are nonnegative. Using this property and Theorem 6, we have
following result:

COROLLARY 3. If f () is a convex function defined on R, then the q-Baskakov
operator B, 4 (f,x) defined by (2.1) is strictly monotonically non-decreasing in
n, unless f is the linear function (in which case By, 4 (f,2) = Bpt1,4 (f,x) for
all m).
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