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metric spaces. Some illustrative examples are also provided to support our main results.
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1. INTRODUCTION-PRELIMINARIES

Let (X,d) be a metric space. Denote by P(X), the family of all nonempty subsets of X, C(X) the
family of all nonempty closed subsets of X, CB(X) the family of all nonempty closed and bounded
subsets of X. For A,B € C(X), define

H(A,B) = max{supd(x,B),supd(y,A)}.
X€A yeB

Then H is called the generalized Pompeiu-Hausdorff distance on C(X). It is known that H is a metric on
CB(X); see [1, 2] and the references therein.

Let T : X — CB(X) be a multivalued mapping. Then 7 is called a multivalued contraction if there
exists A € (0, 1) such that

H(Tx,Ty) < Ad(x,y)

for all x,y € X. In 1969, Nadler [3] proved that if (X,d) is a complete metric space and 7 is a multivalued
contraction mapping, then 7" has a fixed point in X, that is, there exists z € X such that z € Tz. This is
the first fixed point result for multivalued mappings on metric spaces. Following Nadler, many authors
have studied and developed fixed point theory for multivalued mappings on both complete metric spaces
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and some other abstract spaces; see, for examples, [4, 5, 6, 7, 8] and the references therein. In particular,
Feng and Liu [9] generalized the Nadler’s result without using the Pompeiu-Hausdorff metric as follows
(moreover the mapping 7 is a C(X) valued mapping in Feng-Liu’s result).

Theorem 1.1. Ler (X,d) be a complete metric space and T : X — C(X) be a multivalued mapping. If
for all x € X there exists y € I, satisfying

d(y,Ty) <cd(x,y),

where
I ={yeTx:bd(x,y) <d(x,Tx)}.
Then T has a fixed point in X provided that 0 < ¢ < b < 1 and the function f(x) = d(x,Tx) is lower

semicontinuous.

On the other hand, in 1994, Matthews [10] introduced the notion of the partial metric space, which is
more general than the metric space, and presented a fundamental fixed point theorem on partial metric
spaces. Subsequently, many authors studied fixed point problems for both single valued and multivalued
mappings on partial metric spaces; [11, 12, 13, 14, 15] and the references therein.

Recently, Asadi, Karapinar and Salimi [16] extended the concept of partial metric spaces to M-metric
spaces. They obtained some fixed point theorems for single valued mappings on M-metric spaces.

In this paper, we discuss the topological structure of M-metric spaces and take into account a family
of all nonempty closed subsets of a M-metric space. We also obtain some fixed point theorems for
multivalued mappings of Feng-Liu type on M-metric spaces.

Now, we recall the concepts of the M-metric on a nonempty set X and their properties. For a function
m: X x X — [0,0), as an abbreviation, we will represent the following

my, = min{m(x,x),m(y,y)},
M, = max{m(x,x),m(y,y)}.

Definition 1.2 ([16]). Let X be a nonempty set. A function m : X x X — [0,00) is called a M-metric if
the following conditions are satisfied, for all x,y,z € X

ml) m(x,x) =m(y,y) =m(x,y) & x=y,

m2) my, < m(x,y),

m3) m(x,y) = m(y,x),

m4) m(x,y) —myy < m(x,z) —me +m(z,y) — .

Then (X,m) is called a M-metric space.

It is clear that every standard metric and every partial metric on a nonempty set X is also a M-metric.
Some examples, which show that the converse may not be true, can be found in [16].

After that, Asadi, Karapinar and Salimi [16] presented the following three fundamental concepts of
contractive type fixed point theory on M-metric spaces. Let (X, m) be a M-metric space, and let {x, } be

a sequence in X and x € X. Then

(1) {x,} is said to be M-convergent to x if and only if

r}iigo(m(x,z,x) —nmy,x) =0.
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(2) {x,} is said to be an M-Cauchy sequence if

n}}fgm [m (%, %m) — My, x,] and r}g{}o My, x,, — M, ]

exist and finite.
(3) (X,m) is said to be M-complete if every M-Cauchy sequence M-converges to a point x € X such
that

lim [m(x,,x) —my, ] =0 and lim [My , —m, ] = 0.
n—eo n—yoo

2. MAIN RESULTS

Let (X,m) be a M-metric space and let U C X. We say that U is sequentially open if every sequence
{x,} in X such that lim,,_,.. m(x,,x) = 0, Vx € U is eventually in U, that is, U is sequentially open if and
only if for all x € U and for all {x,} in X such that lim,_,. m(x,,x) = 0, then there exists nyp € N such
that x, € U for all n > ng. Let 7, be the family of all sequentially open subsets of X. We can show that 7
is a topology on X. The closure of a subset A of X with respect to T, is denoted by A”.

On the other hand, the open ball with centered x € X and radius € > 0 in a M-metric space is denoted
by

B(x,e) ={y € X :m(x,y) <my, +€}.

We call a subset U of X is open if and only if for every x € U there exists € > 0 such that B(x,&) C U.
In this case, the family of all open subsets of X is another topology on X which we will represent it
as T,. The closure of a subset A of X with respect to T, is denoted by A™. It is clear that A" C A"
Although every partial metric p on a nonempty set X generates a Ty topology on X, the topology 7,
which is generated by a M-metric m on X may not be T topology. For example, let X = [0,1] and
m(x,y) = min{x,y}. Then m is a M-metric on X. In this case, for every € > 0, we have

B(x,e) = {yeX:m(x,y) <my+e€}
= {yeX:0<¢e}
= X

for all x € X. Therefore 1,, = {0,X }, which is not Ty topology.

Now, we claim that 1,, C 7, but the converse is not true. Let U € 1,,, x € U and {x,} C X such that
limy, o m(x,x) = 0. Since U € T, and x € U, one sees that there exists € > 0 such that B(x,&) C U. On
the other hand, since lim,_,..m(x,,x) = 0, there exists ng € N such that m(x,,x) < € < my ,+ € for all
n > ng. Thus, x,, € B(x,€) C U for all n > ny. It follows that U € ;.

Now, we give an example which shows that 7, Z T,

Example 2.1. Let X = {0} U[1, ) and define m(x,y) = *32. Then (X, m) is a M-metric space. Itis clear
that every single point subset of X is sequentially open. Therefore 7; is a discrete topology on X. Now,
letting x € X and € > 0, one sees that B(x, €) = (x —2€,x+2¢) NX. Thus for x # 0 the single point {x}
is not open with respect to 7.

Remark 2.2. We can show that the M-convergence of a sequence on a M-metric space coincides with
the convergence with respect to 7,,. Indeed, let (X, m) be a M-metric space and let {x,} be a sequence in
X. Suppose that the sequence {x,} M-converges to x € X. Then lim,,_,(m(x,,x) — my, ) = 0. Now, we
take U € T, such that x € U. Since U € 1, and x € U, there exists € > 0 such that B(x, &) C U. Because
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limy, o0 (M (X0, X) — my, ) = 0, there exists ng € N such that m(x,,x) —m,,, < € for all n > ny. It follows
that x,, € B(x,€) C U for all n > ng. Hence, the sequence {x,} converges to x with respect to 7,, on X.
Similarly, it can be shown that if the sequence {x,} converges to x respect to the topology 7,, then it
M-converges to x.

Now, let (X,m) be a M-metric space. Define the class of all nonempty closed subsets of X with respect
to 7,, by C,,(X) and the class of all nonempty closed subsets of X with respect to 7, by Cy(X). It is clear
that C,,(X) C C4(X). Let T : X — Cs(X) be a multi-valued mapping. For a positive constant b € (0,1)
and x € X, we define a set

T;(m) ={y € Tx:bm(x,y) <m(x,Tx)},
where
m(x,Tx) = inf{m(x,y) : y € Tx}.
If m(x,Tx) > 0, then T;f(m) is nonempty for all b € (0,1). However if m(x,Tx) = 0, then 7;(m) can be
empty.

Example 2.3. Let X = {—1,—1 —i—% :n > 1,n € N} and define a M-metric on X as

1, x=y=-—1,
mwa{

|x—y|, otherwise.

Let T:X — Cs(X) as Tx = X. Now, for x = —1, we have m(x,Tx) =0, m(x,y) > 0 forall y € Tx. It
follows that T;*(m) = 0, Vb € (0, 1).

Proposition 2.4. Let (X,m) be a M-metric space. Let AC X andx € X. If m(x,A) =0, thenx € A" CA".

Proof. Let m(x,A) =0 and U € 1, such that x € U. Then for all n € N, there exists x, € A such that
m(x,x,) < % In this case, since lim,_m(x,,x) =0, U € 7, and x € U, there exists ny € N such that
x, € U for all n > ng. Thus x, € ANU for all n > ng. Hence, x € A O

Remark 2.5. Note that, if x € A", then m(x,A) may not be 0. For example, let (X,m) be a M-metric
space as in Example 2.1, A = [1,2) and x = 1. Then x € A”, but m(x,A) > 0.

Proposition 2.6. Let (X,m) be a M-metric space, A C X and x € X. Then, inf{m(x,y) —my,:y €A} =0
if and only if x € A"

Proof. Let inf{m(x,y) —my, :y € A} =0 and r > 0. From the definition of the infimum, there exists
yr € A such that m(x, y,) — myy, < r. In this case y, € B(x,7). So y, € ANB(x,r). Therefore x € A" Now,
let x € A™. There exists y, € A such that m(x,y,) — my, < L for all n € N. Since inf{m(x,y) —my, :y €
A} <m(x,y,) —myy, < L foralln €N, we get that inf{m(x,y) —my, :y € A} =0. O

Now, we are in a position to give our main result.

Theorem 2.7. Let (X,m) be a M-complete M-metric space and let T : X — C,,(X) be a multivalued
map. If there exists a constant ¢ € (0,1) such that for any x € X with m(x,Tx) > 0, there is y € T;(m)
satisfying

m(y, Ty) < em(x,y).
Then T has a fixed point in X provided that ¢ < b and the function f(x) = m(x,Tx) is lower semicontin-

uous with respect to T,.
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Proof. Let xo € X be an arbitrary point. If m(xy, Txo) = 0, then xo € Txy" = Txo, that is, xg is a fixed

point of T'. Assume that m(xo, Txp) > 0. Since 7,°(m) is nonempty, there exist x; € 7,,° (m) such that

m(xy,Txy) < em(xg,xp).

If m(x;,Tx;) = 0, then x; is a fixed point of T. Assume that m(x;,Tx;) > 0. Then, there exists x; €

T," (m) such that

m(xp, Txy) < cm(xy,x2).

Continuing this process, we can generate a sequence {x,} in X such that m(x,,Tx,) > 0, x,11 € T, (m)

and
m(xn—O—laTxn—O—l) < Cm(xnpxn-i-l)-
for all n € N. Since x,,41 € T,"(m), we have
bm(xmxn+l) < m(xnaTxn)'

for all n € N. From (2.1) and (2.2), we get

m(xp, Tx,) < (%)”m(xo,Txo)
and

c

M (X, X 1) < (5)"”1(960,)61)

for all n € N. Furthermore, from (2.3) and (2.4), we get

lim m(x,, Tx,) = im m(x,,x,.1) = 0.
n—oo n—oo

For m,n € N with m > n, we have

(X, X) = M, < (X0, X041) — M, X 41 )+ (m(Xns1,%m) — mxn+1xm)
S (m(xn7x"+l) - mxnxn-H ) + (m(xn“rl 7‘xn+2) - mn+1xn+2)
+(m(xn+27‘xm) - mxn+2xm)

— (m(xn7xn+l) - mxnxn-H ) + e + (m(xm71 7'xm) - mxm—lxm)
< m(xnaxn+l)+"'+m(xm71>xm)

C C.
< (B)”m(xo,m)—l—---—i-(g)m Um(xo,x1)

()"

b

Since ¢ < b, we get

On the other hand, one has

0 S r}gl;}omx"x"+l = ,}glgomln {m(-xnaxn)am(-anrlvanrl)} S r}grolom(xnaxn+l) = 05

which implies that

hm (Mxnxm - mxnxm) = O
n,m—oo

2.1)

(2.2)

(2.3)

2.4)

(2.5)

(2.6)
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From (2.5) and (2.6), we find that {x,} is a M-Cauchy sequence. Because X is M-complete, one sees
that there exists z € X such that

I}i_r}g)(m(xn,z) —my,;) =0,
that is, {x,} converges to z with respect to 7,. Now, we show that z is fixed point of 7. From (2.1)
and (2.2), we can say that the sequence {m(x,,Tx,)} converges 0. Since f(x) = m(x,Tx) is lower
semicontinuous with respect to T,,, we get

0<m(z,Tz) = f(z) <lim igf f(x) < lim inf m(x,,Tx,) =0,

n—soo

that is, m(z,Tz) = 0. Hence z € Tz = Tz. This completes the proof. O
Now we introduce the following definition.

Definition 2.8. Let (X,m) be a M-metric space. X is said to be S-complete if every M-Cauchy sequence
converges to a point of X with respect to .

Remark 2.9. It is clear that every S-complete M-metric space is also M-complete, but the converse may
not be true.

If we consider C(X) instead of C,,(X) and the lower semicontinuity with respect to 7, instead of the
lower semicontinuity with respect to 7, of f(x) we get the following result. Since the class Cy(X) is
larger than C,,(X), the following theorem is significant.

Theorem 2.10. Let (X,m) be a S-complete M-metric space and let T : X — Cs(X) be a multivalued
map. If there exists a constant ¢ € (0,1) such that for all any x € X with m(x,Tx) > 0, one hasy € T} (m)
satisfying

m(y, Ty) < em(x,y).
Then T has a fixed point in X provided that ¢ < b and the function f(x) = m(x,Tx) is lower semicontin-

uous with respect to 7.

Proof. As in the proof of Theorem 2.7, we can get a M-Cauchy sequence {x,} in X. Since X is S-
complete, there exists z € X such that {x,} converges to z with respect to 7,. Similarly, from (2.1)
and (2.2), we can say that the sequence {m(x,,Tx,)} converges to 0. Since f(x) = m(x,Tx) is lower
semicontinuous with respect to T;, we get

0<m(z,Tz) = f(z) <lim inf f(x,) <lim inf m(x,, Tx,) =0,
n—yoo n—yoo
that is, m(z,Tz) = 0. Hence z € T'z = Tz. This completes the proof. O

Since every metric space and every partial metric space are M-metric space, we can get following
results as corollaries of Theorem 2.7.

Corollary 2.11 (Feng-Liu’s fixed point theorem). Let (X,d) be a complete metric space and let T : X —
C(X) be a multivalued mapping. If there exist a constant ¢ € (0, 1) such that there is y € T;(d) satisfying

d(y,Ty) < cd(x,y)

forall x € X. Then T has a fixed point in X provided that ¢ < b and the function f(x) = d(x,Tx) is lower
semicontinuous.
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Corollary 2.12. Let (X,p) be a complete partial metric space and let T : X — C(X) be a multivalued
mapping. If there exists a constant ¢ € (0, 1) such that there is y € T (p) satisfying

p(,Ty) <cp(x,y)
forall x € X. Then T has a fixed point in X provided that ¢ < b and the function f(x) = p(x,Tx) is lower

semicontinuous.
Now, we give two examples comparing the above theorems.

Example 2.13. Let X = {0} U[1,e0) and m(x,y) = 3. Then, by taking into account Lemma 2.1 (2) of
[16], we can see that (X, m) is M-complete M-metric space. Now define 7 : X — C,,(X) by

Tx{ {0,1}, xe{0}uL,2],

N {32}, x> 2.

It is clear that f(x) = m(x,Tx) is lower semicontinuous with respect to 7,,, which is usual topology on
X. On the other hand, for all x € X with m(x,Tx) > 0, there exists y € Ty',5(m) such that

m(y,Ty) < cm(x,y) with ¢ =0, 5.

Using Theorem 2.7, we find that T has a fixed point in X.
Although C,,(X) C Cy(X), we can not apply Theorem 2.10 to this example since (X,m) is not S-
complete. To see this, let us consider the M-Cauchy sequence defined as x, = 1+ %, which is not

convergent with respect to 7.
Example 2.14. Letbe X = {0,1}U{1 :n > 1,n € N} and m(x,y) = min{x,y}. Then (X,m) is S-complete
M-metric space. Define a mapping 7 : X — C(X) by
11 _
Tx = { 293> X = 07

X, otherwise.

It is clear that f(x) = m(x,Tx) is lower semicontinuous with respect to 7;. On the other hand, for all
x € X with m(x, Tx) > 0 there exists y € T,(m) such that

m(y,Ty) < cm(x,y) with ¢ = 0,25.

Using Theorem 2.10, we find that T has a fixed point in X.

Although S-completeness implies M-completeness, we can not apply Theorem 2.7 to this example

since T is not C,,(X) valued. To see this, let us consider x = 0. Then Tx = {1, 1} is not closed with

respect to T,,.
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