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1. INTRODUCTION

Recently, Aamri and El Moutawakil [2] have introduced the concept ofE-distance
function on uniform spaces and utilized it to improve some well known results of the
existing literature involving both E-contractive or E-expansive mappings. In [3], a
partial ordering on uniform spaces has been introduced utilizing E-distance function
and some fixed point theorems for single valued and multivalued nondecreasing (not
necessary E-contractive or E-expansive) mappings on ordered uniform spaces have
been proved. In this paper, we give a common fixed point theorem for two weakly
increasing single valued mappings, which may not be nondecreasing, on ordered
uniform spaces. Two multivalued versions of this result are also given.

In order to have a possibly self contained presentation, we recall some relevant
definitions and properties of the foundation of uniform spaces. For further informa-
tions and details, one is referred to the book by Bourbaki [5]. We call a pair .X;#/ to
be a uniform space if it consists of a non-empty set X together with an uniformity # ,
where we assume that the latter begins with a special kind of filter on X �X whose
all elements contain the diagonal � D f.x;x/ W x 2 Xg. If V 2 # and .x;y/ 2 V ,
.y;x/ 2 V then x and y are said to be V -close. A sequence fxng in X , is said
to be a Cauchy sequence w.r.t. the uniformity # if for any V 2 # , there exists
N � 1 such that xn and xm are V -close for m;n � N . An uniformity # defines
a unique topology �.#/ on X for which the neighborhoods of x 2 X are the sets
V.x/D fy 2X W .x;y/ 2 V g when V runs over # .
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A uniform space .X;#/ is said to be Hausdorff if and only if the intersection of all
the V 2 # reduces to the diagonal� ofX , i.e. .x;y/2 V for all V 2 # implies xD y.
Notice that Hausdorffness of the topology induced by the uniformity guarantees the
uniqueness of limit of a sequence in uniform spaces. An element of uniformity # is
said to be symmetrical if V DV �1Df.y;x/ W .x;y/2V g. Since each V 2# contains
a symmetrical W 2 # and if .x;y/ 2 W then x and y are both W and V -close, so
one may assume that each V 2 # is symmetrical. When topological concepts are
mentioned in the context of a uniform space .X;#/, they are naturally interpreted
with respect to the topological space .X;�.#//.

2. PRELIMINARIES

We shall use the following definitions and lemmas in the sequel.

Definition 1 ([2]). Let .X;#/ be a uniform space. A function p WX �X ! RC is
said to be an E-distance if

(p1) For any V 2 # there exists ı > 0 such that p.´;x/ � ı and p.´;y/ � ı; for
some ´ 2X , imply .x;y/ 2 V;

(p2) p.x;y/� p.x;´/Cp.´;y/; 8x;y;´ 2X .

One can find some examples of E-distances in [2]. Especially, one can infer from
Example 1 (contained in [2]) that every metric d on a uniform space .X;#/ is an
E-distance.

The following lemma embodies some useful properties of E-distances.

Lemma 1 ([1], [2]). Let.X;#/ be a Hausdorff uniform space and p be an E-
distance on X . Let fxng and fyng be arbitrary sequences in X and f˛ng, fˇng be
sequences in RC converging to 0. Then, for x;y;´ 2X , the following holds:

(a) If p.xn;y/� ˛n and p.xn;´/� ˇn for all n 2N, then y D ´. In particular,
if p.x;y/D 0 and p.x;´/D 0, then y D ´.

(b) If p.xn;yn/� ˛n and p.xn;´/� ˇn for all n 2N, then fyng converges to ´.
(c) If p.xn;xm/� ˛n for all m> n, then fxng is a Cauchy sequence in .X;#/.

Let .X;#/ be a uniform space equipped with E-distance p. A sequence in X
is p-Cauchy if it satisfies the usual metric condition. There are several concepts of
completeness in this setting.

Definition 2 ([1], [2]). Let .X;#/ be a uniform space and p be an E-distance on
X . Then

(i) X said to be S -complete if for every p-Cauchy sequence fxng there exists
x 2X with lim

n!1
p.xn;x/D 0,

(ii) X is said to be p-Cauchy complete if for every p-Cauchy sequence fxng

there exists x 2X such that lim
n!1

xn D x with respect to �.#/,



FIXED POINT THEOREMS 5

(iii) f WX !X is p-continuous if lim
n!1

p.xn;x/D 0 implies

lim
n!1

p.f xn;f x/D 0

and
(iv) f W X ! X is �.#/-continuous if lim

n!1
xn D x with respect to �.#/ implies

lim
n!1

f xn D f x with respect to �.#/.

Remark 1 ([2]). Let .X;#/ be a Hausdorff uniform space and let fxng be a p-
Cauchy sequence. Suppose that X is S -complete, then there exists x 2 X such that
lim

n!1
p.xn;x/ D 0. Then Lemma 1 (b) gives that lim

n!1
xn D x with respect to the

topology �.#/. This shows that S -completeness implies p-Cauchy completeness.

Using the following lemma, whose metric version is available in [6], we can con-
struct an order relation on a Hausdorff uniform space.

Lemma 2 ([3]). Let .X;#/ be a Hausdorff uniform space, p be E-distance on X
and � WX ! R. Define the relation � on X as follows:

x � y” x D y or p.x;y/� �.x/��.y/:

Then � is a (partial) order on X induced by �.

There are some examples in [3] for partial orders on a Hausdorff uniform space
induced by �.

The following theorems have been given in [3].

Theorem 1. Let .X;#/ be a Hausdorff uniform space and p be an E-distance on
X such that X is S -complete and � W X ! R be a function which is from bounded
from below. If � is the partial order induced by � and f WX !X is a p-continuous
or �.#/-continuous non-decreasing function with x0 � f x0 for some x0 2 X , then
f has a fixed point in X:

Theorem 2. Let .X;#/ be a Hausdorff uniform space equipped with anE-distance
p such that X is S -complete and � W X ! R is bounded from below . Assume
that � is the partial order induced by �: Then it follows that if F W X ! 2X is
p-order closed operator with fx0g �1 Fx0 for some x0 2X and for al l x;y 2X;
x � y H) Fx �1 Fy (i.e. F is non-decreasing with respect to �1), then F has a
fixed point in X .

The aim of this paper is to give some common fixed point theorems for single
valued and multivalued weakly increasing mappings on ordered Hausdorff uniform
spaces.

First, we recall the concept of weakly increasing mappings.

Definition 3 ([7], [8]). Let .X;�/ be a partially ordered set. Two mappings f;g W
X ! X are said to be weakly increasing if f x � gf x and gx � fgx hold for all
x 2X .
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Note that two weakly increasing mappings need not be nondecreasing.

Example 1 ([4]). Let X D R2 be endowed with lexicographical ordering, that is,
.x;y/ � .´;w/, .x < ´/ or .if x D ´; then y � w/. Let f;g W X ! X be defined
by

f .x;y/D .maxfx;yg;minfx;yg/
and

g.x;y/D .maxfx;yg;
xCy

2
/;

then f and g are weakly increasing mappings. However, both f and g are not non-
decreasing.

Example 2 ([4]). Let X D Œ1;1/� Œ1;1/ be endowed with coordinatwise order-
ing, that is, .x;y/ � .´;w/, x � ´ and y � w. Let f;g W X ! X be defined by
f .x;y/ D .2x;3y/ and g.x;y/ D .x2;y2/, then f .x;y/ D .2x;3y/ � gf .x;y/ D
g.2x;3y/D .4x2;9y2/ and g.x;y/D .x2;y2/�fg.x;y/Df .x2;y2/D .2x2;3y2/.
Thus f and g are weakly increasing mappings.

3. MAIN RESULTS

Now we present our main theorem for single valued mappings.

Theorem 3. Let .X;#/ be a Hausdorff uniform space and p be an E-distance
on X such that X is S -complete and let � W X ! R be a function which is bounded
below. If � is the partial order induced by � and f;g WX!X are two p-continuous
or �.#/-continuous weakly increasing functions, then f and g have a common fixed
point in X:

Proof. Let x0 be an arbitrary point of X and define a sequence fxng in X as
follows:

x2nC1 D f x2n and x2nC2 D gx2nC1 for n 2 f0;1; � � � g:
Note that, since f and g are weakly increasing, we have

x1 D f x0 � gf x0 D gx1 D x2;

x2 D gx1 � fgx1 D f x2 D x3

and by continuing this process we have

x1 � x2 � : : :� xn � xnC1 � : : : :

So the sequence fxng is non-decreasing. By the definition of � we have � � ��.x2/ �

�.x1/ � �.x0/, that is, the sequence f�.xn/g is a non-increasing sequence in R.
Since � is bounded from below, f�.xn/g is convergent and hence it is Cauchy, i.e. for
all "> 0, there exists n0 2N such that for allm>n>n0 we have j�.xm/��.xn/j<

". Since xn � xm, we have xn D xm or p.xn;xm/� �.xn/��.xm/. Therefore,
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p.xn;xm/� �.xn/��.xm/

D j�.xm/��.xn/j

< ":

which shows that (in view of Lemma 1 (c)) fxng is p-Cauchy sequence. By the S -
completeness of X , there is ´ 2 X such that lim

n!1
p.xn;´/ D 0. Consequently, by

the p-continuity of f and g, we have lim
n!1

p.f xn;f ´/ D 0 D lim
n!1

p.gxn;g´/.

Therefore lim
n!1

p.xn;´/ D 0 D lim
n!1

p.f xn;f ´/ D lim
n!1

p.gxn;g´/ and so from

Lemma 1 (a), we have f ´D g´D ´. The proof is similar when f and g are �.#/-
continuous, since S -completeness implies p-Cauchy completeness (Remark 1). �

In the following we provide two multivalued versions of the preceding theorem.
These results are related to the theorems in [9].

Let X be a topological space and � be a partial order on X . Let 2X denote the
family of all nonempty subsets of X .

Definition 4 ([9]). Let A;B be two nonempty subsets of X , and assume that the
relations between A and B are defined as follows:

(r1) If for every a 2 A, there exists b 2 B such that a � b; then A�1 B .
(r2) If for every b 2 B , there exists a 2 A such that a � b; then A�2 B .
(r3) If A�1 B and A�2 B , then A� B .

Remark 2 ([9]). �1 and �2 are different relations between A and B . For example,
let X D R, AD Œ1

2
;1�, B D Œ0;1�, � be usual order on X , then A �1 B but A ˜2 B;

if AD Œ0;1�, B D Œ0; 1
2
�, then A�2 B while A˜1 B .

Remark 3 ([9]). �1, �2and � are reflexive and transitive, but are not antisymmet-
ric. For instance, let X D R, AD Œ0;3�, B D Œ0;1�[ Œ2;3�, � be the usual order on
X , then A� B and B � A, but A¤ B . Hence, they are not partial orders on 2X .

Definition 5 ([9]). A multi-valued operator T W X ! 2X is called order closed
if for monotone sequences fung;fvng � X;un! u0;vn! v0 and vn 2 T un imply
v0 2 T u0.

The order closed operators on uniform space using E-distance function has been
characterised in [3] in the following way.

Definition 6 ([3]). Let .X;#/ be a Hausdorff uniform space and let p be an E-
distance on X: A multi-valued operator T W X ! 2X is called p-order closed if for
monotone sequences fung;fvng � X; lim

n!1
p.un;u0/ D 0; lim

n!1
p.vn;v0/ D 0 and

vn 2 T un imply v0 2 T u0.

Now, we introduce the following definition.
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Definition 7. Let .X;�/ be a partially ordered set. Two mappings F;G WX! 2X

are said to be weakly increasing with respect to �1 if for any x 2 X we have Fx
�1 Gy for all y 2 Fx and Gx �1 Fy for all y 2 Gx: Similarly two maps F;G W
X ! 2X are said to be weakly increasing with respect to �2 if for any x 2 X we
have Gy �2 Fx for all y 2 Fx and Fy �2 Gx for all y 2Gx.

Example 3. Let X D Œ1;1/ and � be usual order on X . Consider two mappings
F;G W X ! 2X defined by Fx D Œ1;x2� and Gx D Œ1;2x� for all x 2 X . Then the
pair of mappings F and G are weakly increasing with respect to �2 but not w.r.t �1.
Indeed, since

Gy D Œ1;2y��2 Œ1;x
2�D Fx for all y 2 Fx

and
Fy D Œ1;y2��2 Œ1;2x�DGx for all y 2Gx

so F and G are weakly increasing with respect to �2 but F2D Œ1;4�˜1 Œ1;2�DG1

for 1 2 F2, so F and G are not weakly increasing with respect to �1.

Example 4. Let X D Œ0;1� and � be usual order on X . Consider two mappings
F;G WX ! 2X defined by Fx D f0;1g and Gx D Œx;1� for all x 2X . Then the pair
of mappings F and G are weakly increasing with respect to �1 but not w.r.t. �2.
Indeed, since

Fx D f0;1g �1 Œy;1�DGy for all y 2 Fx

and
Gx D Œx;1��1 f0;1g D Fy for all y 2Gx

so F and G are weakly increasing with respect to �1 but G1D f1g ˜2 f0;1g D F1

for 1 2 F1; so F and G are are not weakly increasing with respect to �2.

Two multivalued versions of preceding theorem are as follows:

Theorem 4. Let .X;#/ be a Hausdorff uniform space and p let be an E-distance
on X such that X is S -complete and � WX ! R is a function which is bounded from
below. If� is the partial order induced by � and F;G WX! 2X are two order closed
and weakly increasing mappings with respect to �1, then F and G have a common
fixed point in X:

Proof. Let x0 2 X be an arbitrary point. Since Fx0 ¤ ¿, we can choose x1 2

Fx0. Now since F and G are weakly increasing with respect to �1; we have x1 2

Fx0 �1 Gx1. Thus there exist some x2 2 Gx1 such that x1 � x2. Again since
F and G are weakly increasing with respect to �1; we have x2 2 Gx1 �1 Fx2.
Thus there exist some x3 2 Fx2 such that x2 � x3. By continuing this process, we
will get a nondecreasing sequence fxng

1
nD1 which satisfies x2nC1 2 Fx2n; x2nC2 2

Gx2nC1;nD 0;1;2; :::. By the definition of � we have

� � ��.x3/� �.x2/� �.x1/;
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that is, the sequence f�.xn/g is a non-increasing sequence in R. Since � is bounded
from below, then f�.xn/g is convergent and hence it is Cauchy. That is, for all " >
0, there exists n0 2 N such that for all m > n > n0 we have j�.xm/��.xn/j <

". On the other hand, since xn � xm, we have xn D xm or p.xn;xm/ � �.xn/�

�.xm/. Therefore, for all m > n > n0 we have p.xn;xm/ < ": This implies fxng

is p-Cauchy sequence in X . By the S -completeness of X , there is ´ 2 X such that
limn!1p.xn;´/D 0. Therefore, limn!1p.x2nC1;´/D 0 and
limn!1p.x2nC2;´/D 0. Consequently, sinceF andG are p-order closed, fxng

1
nD1

monotone and x2nC1 2Fx2n; x2nC2 2Gx2nC1, we deduce that ´2F´ and ´2G´,
i.e. ´ is a common fixed point of F and G. �

Theorem 5. Let .X;#/ be a Hausdorff uniform space and p be an E-distance on
X such that X is S -complete and � W X ! R be a function which is bounded below.
If � is the partial order induced by � and F;G W X ! 2X are two order closed and
weakly increasing mappings with respect to �2, then F and G have a common fixed
point in X:

Proof. Let x0 2 X be arbitrary point. Since Fx0 ¤¿, we can choose x1 2 Fx0.
Now since F andG are weakly increasing with respect to�2; we haveGx1 �2 Fx0.
Thus there exist some x2 2Gx1 such that x2 � x1. Again since F and G are weakly
increasing with respect to�2 we have Fx2 �2 Gx1. Thus there exist some x3 2Fx2

such that x3 � x2. If we continue this process, we will get a nonincreasing sequence
fxng

1
nD1 which satisfies x2nC1 2 Fx2n; x2nC2 2 T x2nC1;n D 0;1;2; :::. By the

definition �, we have
'.x1/� '.x2/� '.x3/� � � � .

Since � is bounded from above, then f�.xn/g is convergent and hence it is Cauchy.
That is, for all " > 0, there exists n0 2 N such that for all m > n > n0 we have
j�.xm/��.xn/j < ". On the other hand, since xn � xm, we have xn D xm or
p.xn;xm/ � �.xn/��.xm/. Therefore, for all m> n > n0 we have p.xn;xm/ < ":

This implies that fxng is p-Cauchy sequence in X . By the S -completeness of X ,
there is an ´2X such that limn!1p.xn;´/D 0. Therefore, limn!1p.x2nC1;´/D

0 and limn!1p.x2nC2;´/ D 0. Consequently, since F and G are p-order closed,
fxng

1
nD1 is monotone and x2nC1 2 Fx2n; x2nC2 2 Gx2nC1, we can deduce that

´ 2 F´ and ´ 2G´, i.e. ´ is a common fixed point of F and G. �
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