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GENERALIZED FRACTIONAL MAXIMAL
FUNCTIONS IN LORENTZ SPACES A

R. CH. MUSTAFAYEV AND N. BILGICLI

(Communicated by J. Pecaric)

Abstract. In this paper we give the complete characterization of the boundedness of generalized
fractional maximal operator

£ xollae n
My no(p) f(x) = Sng WA‘)@) (xeRY),

between the classical Lorentz spaces A”(v) and AY(w), as well as between A”(v) and weak-
type Lorentz spaces A%*(w), and between AP*(v) and A?*(w), and between AP (v) and
A?(w), for appropriate functions ¢, where 0 < p, g, @@ < o, v,w, b are weights on (0,e0) such
that 0 < B(r) := [3b <o, t >0, BE A, and B(t)/t" is quasi-increasing for some 0 < r < 1.

1. Introduction

Throughout the paper, we always denote by ¢ or C a positive constant, which is
independent of main parameters but it may vary from line to line. However a constant
with subscript such as ¢; does not change in different occurrences. By a < b, we mean
that @ < Ab, where A > 0 depends on inessential parameters. If « < b and b < a, we
write a =~ b and say that a and b are equivalent. By a cube, we mean an open cube
with sides parallel to the coordinate axes.

Let Q be any measurable subset of R”, n > 1. Let () denote the set of
all measurable functions on Q and 9M(€2) the class of functions in MI(Q) that are
finite a.e. The symbol M (Q) stands for the collection of all f € M(Q) which are
non-negative on Q. The symbol M ((0,);|) is used to denote the subset of those
functions from 90t*(0,0) which are non-increasing on (0,%). Denote by M =
onrad:L(R") the set of all measurable, non-negative, radially decreasing functions on
R”", that is,

el i {F € MR) : £(x) = h(fx]), x € R with h € M ((0,%0); 1)}

The family of all weight functions (also called just weights) on Q, that is, locally
integrable non-negative functions on Q, is given by #(Q). Everywhere in the paper,
u, v and w are weights.
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For p € (0,00] and w € M*(Q), we define the functional || - [ ,.0 on M(Q) by

I Q.:{ug F@Pwe)an)' i p<es
pwats esssupg | £(x)|w(x) if  p=oco.

If, in addition, w € #/(Q), then the weighted Lebesgue space L (w,Q) is given
by
LP(w, Q) ={f € M(Q) : [[fllpwa <}

and it is equipped with the quasi-norm || - || Q-

When w =1 on Q, we write simply L”(Q) and |||, o instead of L”(w,€2) and
-] p.w.Q» TESpectively.

Denote by

Vix) = /Oxv(t)dt and W (x) = /Oxw(t)dt forall x > 0,

A quasi-Banach space X is a complete metrizable real vector space whose topol-
ogy is given by a quasi-norm || - || satisfying the following three conditions: |/x|| > 0,
xeX, x#0; [[Ax]| = [Allx]l, 2 € R, x € X; and |lx1 +x2]| < C(lxe]l + [1x2]]),
X1,Xy € X, where C > 1 is a constant independent of x; and x,.

A quasi-Banach function space on a measure space (R”",dx) is defined to be a
quasi-Banach space X which is a subspace of 9 (R") (the topological linear space
of all equivalence classes of the real Lebesgue measurable functions equipped with the
topology of convergence in measure) such that there exists &7 € X with 7> 0 a.e. and
if |f| <|g| a.e., where g € X and f € My(R"), then f € X and || f||x < ||gllx-

A quasi-Banach function space X is said to satisfy a lower r-estimate, 0 < r < oo,
if there exists a constant C such that the inequality

n l/l’
(Zﬁll§> <c
i=1

holds for every finite set of functions {f1,...,f,} C X with pairwise disjoint supports
(see [37, 1.£.4]).

Suppose f is a measurable a.e. finite function on R”. Then its non-increasing
rearrangement f* is given by

n

> fi

i=1

X

@) =inf{A >0:|{xeR": |f(x)| > A} <1}, 1€ (0,0),
and let f** denotes the Hardy-Littlewood maximal function of f*,i.e.
1 t
) = ;/ F(0)dr, >0,
0
A quasi-Banach function space (X, ||-||x) of real-valued, locally integrable, Lebes-

gue measurable functions on R" is said to be a rearrangement-invariant (r.i.) space if it
satisfies the following conditions:
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1. If g* < f* and f € X, then g € X with |g|lx < ||f]lx.
2. If A is a Lebesgue measurable set of finite measure, then y4 € X .

3. 0< fu 1, sup||fullx <M imply that f =supf, € X and [|f|[x = sup| fullx
neN neN neN

(see, for instance, [2]).

For each r.i. space X on R”, ari. space X on (0,+oo) is associated such that
feX ifandonlyif f* € X and ||f|x = [ f*|; (see [3]).

Quite many familiar function spaces can be defined using the non-increasing re-
arrangement of a function. One of the most important classes of such spaces are the
so-called classical Lorentz spaces.

Let p € (0,00) and w € #/(0,0). The classical Lorentz spaces A”(w) consist of
all functions f € 9 (R") for which || f{|xr(w) := l/*[ p,(0,00) < °°. For more informa-
tion about the Lorentz A spaces see e.g. [9] and the references therein.

A weak-type modification of the space A”(w) is defined by (cf. [12, 49])

AP=(w) = {f € AMBY) ¢ o) = S0P (W) /7 < w}.

Recall that classical and weak-type Lorentz spaces include many familiar spaces (see,
for instance, [18]).
A function ¢ : (0,0) — (0,0) is said to satisfy the A, -condition, denoted ¢ € A,
if for some C >0
¢(2t) <Co(r) forall 1>0.

Suppose 0 < p <o and let w be a weighton (0,e0) such that W € Ay and W (o) =
oo. Then the classical Lorentz space A”(w) is a r.i. quasi-Banach function space (see,
for instance, [10, Section 2.2] and [31]).

THEOREM 1.1. [31, Theorem 7] Let w be a weight function such that W € A;.
Given 0 < p, r < oo, the following assertions are equivalent:

(1) AP(w) satisfies a lower r-estimate.

(i) W (z)/t?!" is quasi-increasing and r > p.

The study of maximal operators is one of the most important topics in harmonic
analysis. These significant non-linear operators, whose behavior are very informative
in particular in differentiation theory, provided the understanding and the inspiration
for the development of the general class of singular and potential operators (see, for
instance, [51, 30, 21, 54, 52, 28, 29]).

Suppose that X is a quasi-Banach space of measurable functions defined on R”.
Given a function ¢ : (0,e0) — (0,e0), denote for every f € Xioc := {f € My(R") :
fXo € X for every cube Q C R"} by

Ilfxollx 0
M = R"). 1.1
oxf(x) Zl;g (oD (xeR") (1.1)
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Itis easy to see that My x f is a lower-semicontinuous function.
A function ¢ : (0,e0) — (0,0) is said to be quasi-increasing (quasi-decreasing), if
for some C >0
o) <Co(2)  (9(r2) <co(nn))
holds whenever 0 <t} <1 < 0.
A function ¢ : (0,00) — (0,0) is said to satisfy the Q,-condition, 0 < r < oo,
denoted ¢ € Q,, if for some constant C > 0

holds for every finite set of non-negative real numbers {z1,...,t,}.

In this paper we study the boundedness of My x between the classical Lorentz
spaces AP(v) and A9(w), as well as between AP(v) and weak-type Lorentz spaces
A?*=(w), and between AP(v) and A9 (w), and between A”**(v) and A?(w)

Our main result reads as follows.

THEOREM 1.2. Let 0 < p,q < oo, 0 <1 < co. Assume that ¢ € Q, is a quasi-
increasing function on (0,e0). Suppose that X is a ri. quasi-Banach function space
satisfying a lower r-estimate. Then:

(a) My x is bounded from AP(v) to A9(w), that is, the inequality

1Mo x fll Aa(w) < ClIf N ar(r)
holds for all f € M(R") if and only if the inequality

</0N [Sfli? %} qw(t)dt) ’ < C( /Ow w(t)”v(z)dz> v

holds for all y € IMT((0,0);]).
(b) My x is bounded from AP (v) to AT (w), that is, the inequality

1Mo x fll aa=(w) < Cll fllar )
holds for all f € M(R") if and only if the inequality
_ o 1/p
supW (1) sup L2005 c( / l//(t)pv(t)dt>
>0 T>t o(7) 0

holds for all y € IMT((0,0);]).
(c) My x is bounded from AP*=(v) to AT (w), that is, the inequality

1My x fll aa=(w) < ClI |l ape(v)
holds for all f € M(R") if and only if the inequality

supW (1) sup M < CsupV () y(r)
>0 >t (T) t>0
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holds for all w € MT((0,0); ).
(d) My x is bounded from AP (v) to Al(w), that is, the inequality

1M x fll aa(w) < ClIf | ap=v)
holds for all f € M(R") if and only if the inequality

o _ 1/
(/ [sup M] qw(t)dt) ! < CsupV () /1y (1)
0o L ¢(7) >0

holds for all w € MT((0,0); ).

Let u € #(0,00)NC(0,0), b € #(0,0) and B(t) := [;b(s)ds. Assume that b is
such that 0 < B(z) < e forevery ¢ € (0,o0). The iterated Hardy-type operator involving
suprema 7,5 is defined at g € 9T (0,0) by

(Toss) (1) = sup % [Tsoman v,

<1< B

Such operators have been found indispensable in the search for optimal pairs of
rearrangement-invariant norms for which a Sobolev-type inequality holds (cf. [32]).
They constitute a very useful tool for characterization of the associate norm of an
operator-induced norm, which naturally appears as an optimal domain norm in a Sobolev
embedding (cf. [45], [46]). Supremum operators are also very useful in limiting inter-
polation theory as can be seen from their appearance for example in [20, 17, 16, 47].

In the present paper we also give solution of the inequality

”Tu,bf q.w,(0,00) < C||pr,v,(0,oo)7 /e mi (07°°) (1.2)

when p = oo or g = o (see Theorems 2.6, 2.7 and 2.8). Recall that the complete
characterization of inequality (1.2) for 0 < g < oo, 0 < p < o is given in [24] (see
Theorem 2.3).

In particular case, when X = A%(b), 0 < o < e, we are able to give the complete
characterization of the boundedness of My x between the classical Lorentz spaces A
(see Theorem 3.14, 3.16, 3.18 and 3.20). We reduce the problem to the boundedness
of the operator T, in weighted Lebesgue spaces on the cone of non-negative non-
increasing functions (see, Theorem 1.2 applied with X = A%(b), as well as Theorems
3.13,3.15,3.17 and 3.19).

EXAMPLE 1.3. The main example is the Hardy-Littlewood maximal function which
is defined for locally integrable functions f on R" by

1 n
M) i=sup o [ 1FO)Idy, xe R,
0>x |Q‘ ]
Obviously, My ya(y) =M, when oo =1, b=1and ¢(t) =t (t>0).
The first results on the problem of boundedness of the Hardy-Littlewood maximal
operator between the classical Lorentz spaces A”(v) and A9(w) were obtained by Boyd
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[5] and in an explicit form by Arifio and Muckenhoupt [1] when p =g and w =v. The
problem with w # v and p # ¢, 1 < p, g < == was first successfully solved by Sawyer
[48] using duality argument. Stepanov [53] applied a different approach which enabled
him to extend the range of parameters to 0 < g < oo, 1 < p < co. He also proved the
appropriate analogue of Sawyer’s duality principle in the case 0 < p < 1, and extended
the range of parameters to 0 < p < 1 < g < oo. The case 0 < p < g < 1 have been
obtained (in different ways) by several authors (see [1 1, 12]). The missing case 0 < g <
p < 1 was considered in [26] and [7]. Full characterizations for all range of parameters
using different discretization techniques were obtained in the papers [4] and [22]. Many
articles on this topic followed, providing the results for a wider range of parameters
(see for instance survey [9], the monographs [33, 34], for the latest development of this
subject see [27, 23], and references given there). The boundedness of M from AP(v)
to A?%(w) was characterized in [6, 13, 9]. Necessary and sufficient conditions for the
booundedness of M from AP>(v) to A?*(w) were established in [49].

EXAMPLE 1.4. The fractional maximal operator, My, y € (0,n), is defined at
f €L (R") by

(M) = sup Q7 [ £l dy, we R
03x 0]

Note that My ra(;) =My, when =1, b=1 and ¢(t) =177/ (1 >0) with 0< y<n.

The characterization of the boundedness of M, between A”(v) and A(w) was
obtained in [15] for the particular case when 1 < p < g < e and in [40, Theorem 2.10]
in the case of more general operators and for extended range of p and ¢.

EXAMPLE 1.5. Let s € (0,%0), y € [0,n) and A = (Ag,A..) € R?. Denote by
O (e) == (14 [Togr] Y x10, (1) + (14 [Togr ) 1.y (1), (1> 0).

Recall that the fractional maximal operator M, o at f € M(R") defined in [18] by

(M, )0 = sup o WHOe
0x 1 X0llsn/(n—y).A
satisfies the following equivalency
(M) )  sup o022l g

03x Q| LA (1))

Hence, if s=1, y=0and A = (0,0), then M, » is equivalent to the classical Hardy-
Littlewood maximal operator M. If s =1, y € (0,n) and A = (0,0), then My 5
is equivalent to the usual fractional maximal operator My. Moreover, if s=1, y €
[0,n) and A € R2, then M y  is the fractional maximal operator which corresponds to
potentials with logarithmic smoothness treated in [42, 43]. In particular, if y =0, then
M,y a is the maximal operator of purely logarithmic order.



GENERALIZED FRACTIONAL MAXIMAL FUNCTIONS IN LORENTZ SPACES A 833

Note that My ya(p) =~ My, when a2 =35, b=1 and ¢(t) = 1=/ lsm) gh (p)
(t>0) with 0 < y<n and A = (Ag,A..) € R%.

The complete characterization of the boundedness of M, between A”(v) and
A9(w), as well as between AP(v) and A% (w), and between AP>(v) and AT (w),
and between AP>(v) and A?(w) was given in [18, p. 17 and p. 34]. Full proofs and
some further extensions and applications can be found in [18, 19].

EXAMPLE 1.6. Given p and g, 0 < p, g < e, let M, , denote the maximal op-
erator associated to the Lorentz L”9 spaces defined by

Mp7qf(x) 1= sup ”foHPq —su ||fXQ1Hp,q7
0>x HXQHp,q 0sx |0 /p

where || - |4 is the usual Lorentz norm

I fllpg = (/om [Tl/pf*(r)]qﬁ)l/q.

T

This operator was introduced by Stein in [50] in order to obtain certain endpoint results
in differentiation theory. The operator M), , have been also considered by other authors,
for instance see [39, 35, 2, 44, 36]. The boundedness of M, , between A”(v) and
A4(w) was studied in [8].

Evidently, My ra(y) = M, 4. When =g, b(t) =177~ and ¢(1) =17 (1 >0).

The paper is organized as follows. In Section 2, for the convenience of the reader,
we recall the above-mentioned characterization of inequality (1.2), when 0 < p, g < oo,
and give solution of this inequality, when p = co or g = co. The main results are proved
in Section 3.

2. Restricted inequalities for 7, ,

In this section, we recall the characterization of (1.2), when 0 < p, g < oo, and
give solution of this inequality, when p = co or g = co.

REMARK 2.1. Inequality (1.2) was characterized in [25, Theorem 3.5] under ad-
ditional condition

o2 B0 Jo u(r) T
Note that the case when 0 < p < 1 < g < oo was not considered in [25]. It is also worth
to mention that in the case when 1 < p < oo, 0 < g < p < oo, g# 1 [25, Theorem 3.5]
contains only discrete condition. In [26] the new reduction theorem was obtained when
0 < p < 1, and this technique allowed to characterize inequality (1.2) when b= 1, and
in the case when 0 < g < p < 1, [26] contains only discrete condition.

u(t) /, b(1)
0

We adopt the following conventions:
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CONVENTION 2.2. (i) Throughout the paper we put 0-e0 = 0, eo/c0 =0 and
0/0=0.

(i) If p € [1,+oo|, we define p’ by 1/p+1/p'=1.

(i) If 0 < g < p < oo, wedefine rby 1/r=1/qg—1/p.

THEOREM 2.3. [24, Theorems 5.1 and 5.5] Let 0 < p, g < o and let u € # (0,00) N
C(0,0). Assume that b, v, w € # (0,00) is such that 0 < B(x) < oo, 0 < V(x) < e and
0 < W(x) <o forall x> 0. Then inequality (1.2) is satisfied with the best constant C

if and only if the following holds:
(1) 1 <p<qand Ay + Ay < oo, where

o= se 505w [ s 58] i)
() )™
= sup ([ o 155 weo

[ Lo a]om) ([romos)

and in this case C =~ A| + Ay;
(1) 1 =p < q and By + By < oo, where

n o[ e8] oo [ n 568]w0) (e, 563)

ws = ([ o 55w [ ] o) v

and in this case C ~ By + By;
(iil) max{q,1} < p and C; + Cy 4 C3+ Cy4 < oo, where

o= ([ ([ [ ] worar) [ s 3]
([ (28 o) wran) o
= ([ wrw| e [ s 53] ([ (76) o) ] wioar)
(7 oy worar) ™ s 522
. ( [ v o) dy) ) dx) v

Cg:
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con ([l ) [ 7o) T

and in this case C ~ Cy + Cr, +C3 + Cy;
(iv) g < 1=p and D+ D+ D3+ D4 < o, where

o= ([ ([ o g o) s 55

(P wean)

pas= (ool [ 5] (oo 55| esar)
T

u()

pu= ([T 2. v”ffﬁﬂqw“”f) r/p[xi‘f‘i’w e qu( i)

i ([ 0] s [0 2] vie] o) "

x<t<oo | T<y<o0 V' )

and in this case C ~ D| + D, + D3+ Dy;
(v) p<min{q,1} and E| + E; < oo, where

/a
u(T)] / [ T)]q )1 B(y)
E| :=su sup —=~ x)+ w(t)dt su ,
! x>13 (L<r£w B(7) z<r<o<> B(7) ©) 0<y2x VI/P(y)
p q/p a/p 1/q
E2:=sup<[ sup ”z(y] +/ [ y] w(t)dt) VP (x),
x>0 x<y<°<>V ( t<y<°° y

and in this case C ~ E| + E»;
i) g< p <1 and F\ + F, + F3+ Fy < o0, where

A= ([wrea s [ e g]" (e 30)] weoas)
= (O L] o) o 8]

x[ sup Mrw(x)dx)l/r,

XK T<00 B(T)

i ([T wro (s [ e 223 ]vie) o)

(L [ ] ) son ] vt ar)

and in this case C ~ F| + F> + F3 + F3.

3

s
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We recall the following results from [27]. Our formulations of these statements
are not exactly the same as in the mentioned paper. But by following the proof of these
theorems in [27], it is not difficult to see that such formulations are also true.

THEOREM 2.4. Let 0< B <ooand 1 <s<eo, andlet T : 9T (0,00) — M T (0, 00)
satisfying the following conditions:

@) T(Af) =ATf forall A >0 and f € MT(0,);

(ii) Tf(x) < cTg(x) for almost all x € Ry if f(x) < g(x) for almost all x € R,
with constant ¢ > 0 independent of f and g;

(i) T(f+g) <c(Tf+Tg) forall f, g€ M"(0,00), with a constant ¢ > 0 inde-
pendent of f and g.

Then the inequality

HTfHﬁ.,w,(O,oo) < C”st,v,(O,oo)v f € m+((07°°)9l) 2.1

holds iff both inequalities

HT (/ h) H < llhlgyspios g0y 1 € MT(0,00) (2.2)
x B.wi(0.)

and
T g, (0,00) < €[] (0,0) (2.3)
hold.

THEOREM 2.5. Let 0 < B <ooand 1 <s<oo, andlet T : M " (0,00) — MT(0,0)
satisfies conditions (1) - (iii). Then inequality (2.1) holds iff the inequality

(w4 )

<cllhllgps, 0y hE MT(0,0) (2.4)
ﬁ7w7(07°°)

holds.

Now we give the solution of inequality (1.2), when p = oo or g = oo.

THEOREM 2.6. Let 0 < p < oo. Assume that b € # (0,00), u,w € #(0,00) N
C(0,00) is such that 0 < B(x) < e and 0 < V(x) < oo for all x > 0. Then inequality

I Tusf oo 00) S CUFllpom)s  f EMT((0,00);1) (2.5)

is satisfied with the best constant C if and only if the following holds:
(1) 1 < p and G1+ Gy < o, where

G =sup (s [ s w020 ([ (22 o)

ovi=sup(sn [ o 5) () vromonan)

<
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and in this case C =~ G| + Ga;
(1) p <1 and H| + Hy < oo, where

Hi: =sup< sup (B(y) sup [ sup W(T)] ﬂ))VI/”(x),

x>0 \ 0<y<x y<t<oo LO<TS (t)

u(t)) B(x)

H2:=SUP< sup { sup W(T)} B(t) ) Vi/r(x)’

x>0 \x<r<eo | 0<T<t

and in this case C ~ H| + H>.

Proof. Whenever F, G are non-negative measurable functions on (0,e0) and F is
non-increasing, then

esssup F(1)G(r) = esssup F () esssup G(7);
1€(0,00) 1€(0,00) 7e(0,1)

likewise, when F is non-decreasing, then

esssup F (1)G(t) = esssup F'(t) esssup G(T).
t€(0,00) 1€(0,00) TE(t,00)

Hence

Tt s = s0pte) sup_ 555 [ P00y
_ u(t) [°
—sup< sup W(T)>X§$§w% A f()b(y)dy

x>0 \0<t<x

=sup<supw )u(x) f)

x>0 \0<t<x B(x) 0

= supw(x) /0 F)b(y)dy, (2.6)

x>0

where

70 = (s win) ) 5 o)

0<t<x B(x)

and inequality (2.5) is equivalent to the inequality

1/p
sup W (x /f dy<C</ FPONG)d ) L fEMI((0.):0). @27

x>0

(i) Let p > 1. By Theorem 2.4, (2.7) holds iff both

supi(s) /(/ Wz dr) dy<c(/ WOV )dy>1/p,he£m+(0,°°)7

(2.8)
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and

sup #(x)B(x) < C ( / Nv(y)dy) 1/,, 2.9)

x>0

hold.
Evidently, inequality (2.8) is equivalent to the following inequalities:

sup () /0 h(7)B(7)dt

oo 1/p
<c( / hp<y>vp<y>vl-1’<y>dy) ke s, @10
sup w(x /h
x>0
oo 1/p
<c( / hﬂ(y)VP(y)va)dy) L hemO0).  @1D)

By Theorem 2.4, inequalities (2.11) and (2.9) hold if and only if the inequality

B o 1/p
sup s < [Tropmar) L el @)
x>

holds.
By Theorem 2.5, inequality (2.12) holds if and only if the inequality

sup W(x)B(x)V%(x) /0 h()V(1)dt

o 1/p
<c( | hf’(y)v”’(y)dy) L hem(0,0) 2.13)

holds.
Consequently, we have shown that (2.5) is equivalent to the following two inequal-
ities:

s s 0] 5 [ 0
( hP( )0(2—3) )dy)l/p, he M (0,00),
Sup[ sup w(t ] u(x) xh

x>0 LO<t<x x

<c( I (%)pva)dy)l/p, he M (0,),

which hold if and only if G| < e and G, < oo, respectively (see, for instance, [41, 33
347).

/\
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(i1) Let p < 1. It is known that inequality (2.7) holds if and only if

s (pptointeon (.| s w0 55) )20 <

(see, for instance, [23, Theorem 5.1, (v)]), which is evidently holds iff H; < e and
Hy <oo. [

THEOREM 2.7. Assume that b € # (0,00), u,w € #(0,00) NC(0,0) is such that
0 < B(x) < o forall x > 0. Then inequality

1Tbf loom00) S Cllflleoneioooys  f € MH(0,00) (2.14)

holds if and only if

X b(y)d
I:=sup (/ ¢> [ sup w(r)} ux) < oo,
x>0 \ /0 esssup,e(o’y)v(f) 0<7<x B(x)
Moreover, the best constant C in (2.14) satisfies C = 1.

Proof. By (2.6), we know that inequality (2.14) is equivalent to the inequality

u(t) x
g (om0 555) | oo
< Cesssup f(x)v(x), f€MT((0,00);]), (2.15)

x>0

which, by [27, Theorem 3.16], holds if and only if

(] ssneoer@) oo <= 0

THEOREM 2.8. Let 0 < g < o and let u € # (0,00) NC(0,00). Assume that
b,v,w e #(0,00) is such that 0 < B(x) < oo for all x > 0. Then inequality

”Tu.,bf

q.w,(0,00) < C”fHOO,V,(O,oo)v f € m-‘r((O?M)’l) (216)

is satisfied with the best constant C if and only if

oo u T 1/
7= </0 [,;?fm Big/o esssui)ii)(Zj)v(f)]qw(x)dx) ' <oo.

Moreover, the best constant C in (2.14) satisfies C ~ J.

Proof. The statement follows by [27, Theorem 3.16]. [
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3. Main results

In this section we give statements and proofs of our main results.
Let F be any non-negative set function defined on the collection of all sets of
positive finite measure. Define its maximal function by

MF (x) :=supF(Q),
0>x

where the supremum is taken over all cubes containing x.

DEFINITION 3.1. [36, Definition 1] We say that a set function F is pseudo-
increasing if there is a positive constant C > 0 such that for any finite collection of
pairwise disjoint cubes {Q;}, we have

minF(Q;) < CF<UQ,->. (3.1)

THEOREM 3.2. [36, Theorem 1] Let F be a pseudo-increasing set function.
Then, for any t > 0,
(MF)*(t) <C sup F(E), (3.2)
|E|[>t/3"
where C is the constant appearing in (3.1), and the supremum is taken over all sets E
of finite measure |E| >1t/3".

LEMMA 3.3. Let 0 < r < eo. Assume that ¢ € Q,. Suppose that X is a quasi-
Banach function space on a measure space (R",dx). Moreover, assume that X satisfy
a lower r-estimate. Then there exists C > 0 such that for any function f from X and
any finite pairwise disjoint collection cubes {Q;} on R"

o ol _ < Ifasalx

< 3.3
"oloh SCo(ual G-

holds true.

Proof. Denote by
i o(lQil)

Since ¢ € Q,, we have that

Ao(|Ui0i) =A¢(;Qf) <A (;¢<|Qi>f)1/r < (;fxg,-n&)

On using the r-lower estimate property of X, we get that

1/r

AP(|U; Qi) S

foQ,-H 1ol O
i=1 X
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LEMMA 3.4. Let 0 < r < co. Assume that ¢ € Q,. Suppose that X is a quasi-
Banach function space satisfying a lower r-estimate. Then, for any t > 0,

* ||fXEHX
M <C
Mo x/)()SC sup 5l

holds, where C > 0 is the constant appearing in (3.3).

(3.4)

Proof. The statement follows by Theorem 3.2 and Lemma 3.3. [

LEMMA 3.5. Let 0 < r < oo. Assume that ¢ € Q,. Suppose that X is a r.i. quasi-
Banach function space satisfying a lower r-estimate. Then, for any t > 0,

holds, where C > 0 is constant independent of f and t.

(3.5)

Proof. By Lemma 3.4, we have that

. £ xellx
Myxf) () <C sup
Mox ) <C w0 5lED
I(fxe) |z
=C sup ——=
ey O(E]
1 20,2 I
<C sup —————
sz O(E])
<C sup Hf*%[o,r)\\g

T>1/3" ¢(T)
Since ¢ € O, implies ¢ € A,, we obtain that

sup £ %00l <C sup 1f* %030l 5 :Csupr X[O.,T)H)Z'.

gy 9(7) s 9(317) > 9(7)

Combining, we arrive at (3.5). U

COROLLARY 3.6. Let 0 < ot < r<oo, ¢ € Q, and b € #(0,00) be such that
B(eo) = oo, B € Ay and B(t)/t*/" is quasi-increasing. Then there exists a constant
C > 0 such that for any measurable function f on R" the inequality

1/a
( fof(f*w(y)b(y)dy)
(My nop)f)" (1) < Csrli[t) 50

holds.
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Proof. In view of Theorem 1.1, A%(b) satisfies a lower r-estimate. Then the
statement follows from Lemma 3.5, when X = A%(b). O

COROLLARY 3.7. Let 0 < g < p < co. Then there exists a constant C > 0 such
that for any measurable function f on R" the inequality

t 1/
Wyt 0 < i ([ (o tay) 66

/p
holds.
Proof. Let ao=gq, b(t) =1"P~" and ¢(t) =1'/7 (t >0). Then My g =My pe(p)-

It is clear that B(z) ~t9/P (r > 0). Since ¢ € Q,, B € Ay and B(t)/t?/" is quasi-
increasing when r = p > ¢, by Corollary 3.6, we get that

1 T 1/q
(Mpqf) (1) < Csupm (/0 (f*)q(y)yq/p_ldy> .

™t

It is easy to see that function G(1) = # Ji g(v)dy?/P is non-increasing on (0, o)
when g is non-increasing. Consequently,

1 T Va t 1/q
ngﬁ(/o (f*)q(y)yq/”‘ldy> =m</0(f*)q(y)yq/”‘ldy) :

1 1/q
Wyt 0 < ([ o tay) o

Thus

REMARK 3.8. Note that inequality (3.6) was proved in [2] with the help of in-
terpolation. This result was extended to more general setting of maximal operators in
[38].

REMARK 3.9. It is clear that if @ € Oy, 0 <r < oo and g: (0,00) — (0,00) is a
quasi-decreasing function, then w-g € Q,. Indeed: Since g(z’: 1 ti) < Cmin; g(t;), we

get that
en(5)-o() (5

1/r
ot ) -ming()

M

—

M=

<C

—

1/r
mmg(tl)) )

)l/r

Il
—_

M:

Q
TN TN TN
M=

Il
-
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COROLLARY 3.10. Let s € (0,%0), y€ (0,n) and A = (Ag,Aw) € R?. Then there
exists a constant C > 0 depending only in n,s,y and A such that for all f € M(R")
and every t € (0,00)

T 1/s
%WWKMWWW%%WWM. 3.7)

™t

Proof. It is mentioned in the introduction that My r«(y) ~ My a, When o =s,
b=1 and ¢(t) = "=V/6MA), (1 > 0). Let r=s. Writing ¢ = o - g, where
o(t) =15 and g(t) ="/ ¢A(1), (t > 0), observing that @ € Qy and g is quasi-
decreasing, in view of remark 3.9, we claim that ¢ € Q.. On the other side, since
B(t)=t,1 >0, we get that B € A, and B(r)/t*/" = 1 is quasi-increasing. Hence, by
Corollary 3.6, inequality (3.7) holds. [

REMARK 3.11. Note that inequality (3.7) was proved in [18, Theorem 3.1].

LEMMA 3.12. Let 0 < r < oo. Assume that ¢ € A, is a quasi-increasing function
on (0,00). Suppose that X is a r.i. quasi-Banach function space. Then, for any t >0,

(Mo xf)" (1) = cili?%,

holds, where ¢ > 0 is constant independent of f and t.

femrdlrm) (3.8)

Proof. Let f be any function from 94! | For every x, y € R” such that |y| > |x|,
we have that

o 2By llx
~ o(1B(O,[y))

Since (fxp(0,y))" () = f() 20,10y () t > O, we get that

(My x f)(x)

Mox 1)) 2 =518, p))

Hence

Hf*X[O.IB(O \y\)l)”)? ||f*x[0w Mn)“g Hf*X[O.T)H)?
M ’ f ¥ Z sup & APV X sup R Sk BV S, sup - e A
(M x.f)(x) pisw OUBODDD s Sl@ll”) ey $(7)

holds, where ), is the Lebesgue measure of the unit ball in R”".
Recall that

f7(1) = sup essinf[f(x)|, 1€ (0,e0),

|E|=t X€E

(see, for instance, [14, p. 33]).
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On taking rearrangements, we obtain that
(Mg xf)"(t) = sup essinf (My x f)(x)
|E|=t xeE

> essinf  (Myxf)(x)
XGB(O,(I/(UH)I/”)

> essinf sup M
XGB(O,(I/(,U,I)I/”) T>CO,1‘X‘” ¢(T)

=essinfsupw — M 0
0<s<t 7> o(7) >t (1)

We are now in a position to prove our main result.

Proof of Theorem 1.2. The statement follows by Lemmas 3.5 and 3.12. [

3.1. Boundedness of My ro () : AP (v) — Al(w), 0 < p, g <eo

THEOREM 3.13. Let 0 < p,g< oo, 0 < <r<ooandv,we #(0,0). Assume
that ¢ € Q, is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such
that 0 < B(t) < o forall t >0, B(e) =0, BE€ Ay and B(t)/t*/" is quasi-increasing.
Then My po(p) is bounded from AP(v) to Al(w), that is, the inequality

1My, ne () | aaw) < Cllfllar )

holds for all f € M(R") if and only if the inequality

T8990 Wl g/, (0.00) < CHNWI /0w, (0.00) (3.9)
holds for all y € IMT((0,0);]).

Proof. The statement follows from Theorem 1.2, (a), when X = A%(b). O

THEOREM 3.14. Let 0 < p,g<oo, 0 < < r < oo and v,w € #(0,c0). Assume
that ¢ € Q, is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such
that 0 < B(t) < oo forall t >0, B(e0) = o0, B€ Ay and B(1)/t*" is quasi-increasing.
Then My po(p) is bounded from AP(v) to AY(w) if and only if the following holds:

(1) o< p<qand o)+ o < e, where

P p—o

i =sp (07w + "o owinar ) % ([ (5) )™

(| o g | 0+ [ g

p—o

X p pa
X </ Vﬂav) ,
0
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and in this case || My ye

b)||Ap(v)_>Aq(W) ~ o+ ab;
(i) 0 = p < q and B + B, < oo, where

=g oo o mana) (sm 73)°
%“f£<kﬂdﬂ%__] 04 [ st o) v

VAP () —na(w) = B + B
(iil) max{o,q} < p and €| + 6>+ €3 + €4 < oo, where

Gi= (/Ow (/Xw(bq(t)w(t)dt) ﬁd),q(x)
g </ox (%) pi_)aV(y) dy) 4 w(x) dx) "

and in this case || My ye

i [Twre)| sw o (></()T<%)ﬂv(y)dy)p”a}“(ﬁq”w(@dx)p’”’q,
([ [ gy o)™ [ st
(/ ot av) ”p?w(x)dx>%’
=[] e [ o

and in this case || My ne

a(ﬁzq) %
Ty<oo ¢o¢ A4 / Vl’ v wlx)dx ’

VAP () —As(w) = €1+ Co+ G5 + G
iv) g< a=p and D+ D>+ D3+ Dy < oo, where

= ([ omon) o an 523) ™ i)
gvee ([ s o710 g 7] o)™

)] o(p—q) (x)d )l’q
sup ——= w(x)dx ,
<yI<)rV(Y)

soi= ([ ([ s gt wrar) ™
X [ sup B() it "

sup_ W} VAT (i) dx) W,

Dy = (/OwWﬁ(x)[ sup [ sup B0) - "

x<T<oo | <y<oo W} V(r)} 0] w(x) dx> "

)



846 R. CH. MUSTAFAYEV AND N. BILGICLI

and in this case || My po () || ar(v)—na(w) = D1+ Do+ D3+ Da;
(v) p <min{a,q} and & —|—<§’2 < oo, where

& —sup( +/ o1 ) sup BE(y),

x>0

)
é”z:=sup<[ sup &} +/ [ sup Bé(z)(y)rW(t)dtyV}’(xx

x>0 x<y<oo ¢)( )V P 1<y<oo y)V ?

and in this case ||My po ()l Ar(v)—na(w) = E1 + E2;
Vi) g < p <o and F+ Fr+ Fs+ Fy < oo, where

([ o )] )

a1 :w(r)w(z)dz)"q"[ sup Bg”} =F ‘f(x)w(x)dx)p”"q,

o<t<x 'V ”L’)

(
ol B 1 pp_ pp_q
ﬁg:z( Wﬁ(x)< sup [ sup )2] ]VF ) )dx) ,
0 x<r<ee L1<y<ee ¢ (y)V 7 ()

q

P=q
q Pq

X VI (x)w(x) dx>

and in this case || My o ()| ar(v)—na(w) = F1 + Fa+ F3+ Fy.
Proof. The statement follows from Theorems 3.13 and 2.3. [

3.2. Boundedness of M ro () : AP(v) — AT (w), 0 < p, g <o

THEOREM 3.15. Let 0 < p,g<eo, 0 < 00 <1 <o and v, w € #(0,00). Assume
that ¢ € Q, is a quasi-increasing function. Moreover, assume that b € 7/( ,00) Is such
that 0 < B(t) < oo forall t >0, B(es) = oo, B € Ay and B(t)/t*/" is quasi-increasing.
Then My ne(p) is bounded from AP(v) to A% (w), that is, the inequality

1M, ac () | ad=w) < ClLF Il ap(r)
holds for all f € M(R") if and only if the inequality
||TB/¢a7hW||oo’Wa/q’(O’o<)) < CaHWHp/a,v,(O,oo) (3.10)

holds for all y € IMT((0,0);]).
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Proof. The statement follows from Theorem 1.2, (b), when X = A%(b). O

THEOREM 3.16. Let 0 < p,g<oo, 0 < @ <r <o andv,we #(0,0). Assume
that ¢ € Q, is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such
that 0 < B(t) < oo forall t >0, B(e0) = o0, B€ Ay and B(1)/t*" is quasi-increasing.
Then My po(p) is bounded from AP (v) to A" (w) if and only if the following holds:

(1) o < p and G + %, < o0, where

s s O ([ (B ) ™

L w (t)Bé(t)]( R )IIPOEX
G = _— 7 Ve ,
2= sup | swp BRI ([t

and in this case || My po () || Ar(v)—ns=(w) = 91 + %23
(il) p < a and 74 + 75 < oo, where

e,

%:zsup< sup Bé(y)[ sup Wa(t)DV%(x),
x>0 \ 0<y<x y<<oo (P(t)
W;(I)}Btlx(x)
I = ,
s | s 20

and in this case || My po () || Ar(v)—na=(w) = 1+ 3.
Proof. The statement follows by Theorems 3.15 and 2.6. [

3.3. Boundedness of M ya(p) : AP (v) — A" (w), 0 < p, g <o

THEOREM 3.17. Let 0 < p,g< oo, 0 < <r <o and v,w € #(0,c). Assume
that ¢ € Q, is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such
that 0 < B(t) < oo forall t >0, B(eo) = o0, B€ Ay and B(1)/t*" is quasi-increasing.
Then My po(p) is bounded from AP=(v) to AT=(w), that is, the inequality

My act(v)llace=(w) < CILfllarev)

holds for all f € M(R") if and only if the inequality
HTB/d)U‘,h‘I/H%Wa/a(oM) < CaHWHw7va/1)7(o7m)

holds for all y € IMT((0,0);]).

Proof. The statement follows from Theorem 1.2, (¢), when X = A%(b). O
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THEOREM 3.18. Let 0 < p,g<oo, 0 < <r<ooand v,we #(0,00). Assume
that ¢ € Qy is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such

that 0 < B(t) < o forall t >0, B(e) =0, BE€ Ay and B(t)/t*/" is quasi-increasing.
Then My ne(p) is bounded from AP (v) to AT™(w) if and only if

rem([e) e

Moreover; ||Mg ac(p) | ape=(v)—nd=(w) = 7 -

Proof. The statement follows by Theorems 3.17 and 2.7. [

3.4. Boundedness of My ro () : AP7(v) — Ad(w), 0 < p, g <o

THEOREM 3.19. Let 0 < p,g<oo, 0 < < r <o and v,w € #(0,c0). Assume
that ¢ € Qy is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such
that 0 < B(t) < oo forall t >0, B(eo) = o0, B€ Ay and B(1)/t*" is quasi-increasing.
Then My po(p) is bounded from AP=(v) to A9(w), that is, the inequality

1M A2 (b)) < Cllfllar=(v)

holds for all f € M(R") if and only if the inequality
1781926l g/0m,0.) < CHNIWloyar (0.0n)
holds for all w € MT((0,0); ).
Proof. The statement follows from Theorem 1.2, (d), when X = A%(b). O

THEOREM 3.20. Let 0 < p,g<oo, 0 < <r <o and v,w € #(0,c0). Assume
that ¢ € Qy is a quasi-increasing function. Moreover, assume that b € #'(0,0) is such
that 0 < B(t) < oo forall t >0, B(es) = oo, B € Ay and B(t)/t*/" is quasi-increasing.
Then My ne(p) is bounded from AP (v) to A(w) if and only if

7= (] Com gt g) i) <=

Moreover, ||My ao(p)l|ar=(v)—r1(w) = 7 -

Proof. The statement follows by Theorems 3.19 and 2.8. [
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