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Abstract. The present paper deals with construction of a new
family of exponential sampling Kantorovich operators based on a suit-
able fractional-type integral operators. We study convergence properties
of newly constructed operators and give a quantitative form of the rate
of convergence thanks to logarithmic modulus of continuity. To obtain
an asymptotic formula in the sense of Voronovskaja, we consider locally
regular functions. The rest of the paper devoted to approximations of
newly constructed operators in logarithmic weighted space of functions.
By utilizing a suitable weighted logarithmic modulus of continuity, we
obtain a rate of convergence and give a quantitative form of Voronovskaja-
type theorem via remainder of Mellin—Taylor’s formula. Furthermore,
some examples of kernels which satisfy certain assumptions are pre-
sented and the results are examined by illustrative numerical tables and
graphical representations.
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1. Introduction

The generalized sampling-type operators were developed by E. T. Whittaker
[58], V. A. Kotel'nikov [49] and C. E. Shannon [56]. The theory and applica-
tions of sampling-type operators are among the most challenging areas in the
field of approximation theory, especially in the domains of image and signal
processing (see [13,27]). The family of operators is given by

(Sfuincg) (%) = Zg (f}) sinc (wz — k), T € R,w >0, (1.1)
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where sinc function is defined by sinc (z) = % for & € R\ (0), and
sinc (0) = 1.

Later, P. L. Butzer and his school (see [29,35-37]) substituted the widely
used sinc function by suitable kernels, denoted by 9, satisfying the typical as-
sumptions of approximate identities and introduced the family of generalized
sampling series given by

H =Yg (Z) 9 (i — k) (1.2)

kEZ

for any function g : R — R for which the series is absolutely convergent. For
the rest of the sampling theory, see [45,59]. In the field of classical sampling
theory, numerous results have been published in the papers [1-4,10-12,20,40—
42,57].

In the 1980s, a group of optical physicists and engineers introduced a
mathematical method so-called “exponential sampling series” to solve certain
problems in optical phenomena (see, e.g., [28,39,43,55]). Actually, it was
aimed to find a solution of integral equations of the type

= /OOQ/\/(xt)f(t)dt

where h is the data function, A is a kernel and f is the unknown function.
An alternative way of expressing this is the Mellin transform theory which
was the most useful tool for solving these problems. To do this, Butzer and
Jansche [31] established a Mellin transform analysis that was exactly indepen-
dent of Fourier transform analysis. They defined the family of mathematical
exponential sampling operators given by

(Eilli;ncf) (-T) = Z f (e%) linc/w (e—kxw) ,w>0,2€ R+’ ceR, (1'3)
kEZ

—c .7 —Ti

where lin. function is defined by lin. () := 57 *—, ¢ # L and lin¢ (1) :=
1.

In 2017, Bardaro et al. [21] reconstructed the series (1.3) by utilizing an
arbitrary continuous function ¢ satisfies the certain properties instead of lin,
function. The reconstructed form of (1.3) is given by

E¢f Zf(ew) ek w), w>0,z€RT, (1.4)

keZ

where f : RT — R is any function for which the series is absolutely convergent
on the positive semi-real axis.

It is well known that Kantorovich’s idea was the first which allows to
approximate not necessarily continuous function. This idea is based on using
integral mean values of the corresponding function instead of its natural
sample values. Using this idea, Kumar and Bajpeyi [50] have introduced a
Kantorovich form of (1.4). For locally integrable function defined on RT,
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Kantorovich form of (1.4) was given by

k41
(KSf) () = Z 10 (e*kxw) [w/c f (e“)] du. (1.5)
kez w
Recently, numerous results have been published on the exponential sampling
series and its different forms (see, e.g., [5-9,14-18,25,26,51]).

In the last century, there has been increasing interest in fractional-type
calculus and its applications. The fractional-type calculus aims to study frac-
tional degree derivatives and integral operators on complex or real fields, as
well as their applications. There are several different definitions of fractional-
type integrals for example, Riemann—Liouville fractional integrals [38], Hadamard-
type fractional integrals [44] and Weyl fractional integrals [48]. For o, > 0,
Riemann-Liouville fractional-type integral operators are given by

(18.0) @ = iy [ o0 T @) (1.6)

(%

where I is the gamma function. In [52], the authors have recently constructed
a new Kantorovich form of exponential sampling series using the (1.6) given
by

(Ifaf) (@) =) o (e 2")a /0 ey (5 )av. (7

kEZ
Also for a,z > 0, Hadamard-type fractional integral operators are de-

fined by
(5.0) @ =i | (oe) 702 (1)

In the recent paper [53], the authors constructed the Riemann-Liouville
fractional integral-type Szasz—Mirakyan—Kantorovich operators by utilizing
the operators (1.6). For more details about fractional-type operators and its
applications, we refer the readers to [19,33,34,46,47].

In the present paper, we aim to construct Hadamard-type fractional ex-
ponential sampling Kantorovich operators via (1.8). First, we obtain point-
wise and uniform convergence for newly constructed operators and give a
quantitative form of the rate of convergence using logarithmic modulus of
continuity. Moreover, we present a Voronovskaja-type theorem using the
Mellin—-Taylor formula based on Mellin derivatives. Second, convergence of
the series is also investigated for functions belonging to logarithmic weighted
space of functions. Finally, we give some examples of kernels which satisfy
suitable properties and examine the results of this paper by numerical tables
and graphical representations.

2. Basic Notations and Preliminaries

By N, Z, we will denote the sets of all positive integers and integers, respec-
tively. Furthermore, by R and RT, we denote the sets of all real and positive
real numbers, respectively.
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By C (RT), we denote the space of all continuous functions defined on
RT and by Cp (R*) the space of all bounded functions f € C (RT) with
the usual sup-norm || f|| . We will say that a function f € Cg (R") is log-
uniformly continuous on RT, if for any positive € there exists positive § such
that |f (x) — f (y)| < &, whenever |logz — logy| < 4 (see [21,54]). By C (RT),
we denote the subspaces of Cz (RT) containing of all functions which are log-
uniformly continuous. We note that, in general, a log-uniformly continuous
function is not necessarily uniformly continuous and conversely. But, these
two notations are equivalent on compact intervals of R (see [21]).

We denote by C) (RT),r € N, the class comprising all the r—
differentiable functions over R*. Moreover, we will say that a function f
is locally of class C") at a point z € R, if f is (r — 1)-times differentiable
in a neighborhood of  and the derivative f(") exists.

By M (R*) and B (R") will be denoted the class of all Lebesgue mea-
surable functions and the space of all bounded functions on R, respectively.
Furthermore, by LP (R*),1 < p < oo, we will denote the space of all the
Lebesgue measurable and p-integrable functions on RT endowed with the
usual norm [/ f|,,.

For c € R, let us consider the space

X, = {f;R+ ~C: fO) () e Lt (R+)}

endowed with the norm

I, = £ 00, = [ 1wl

Then, the Mellin transform of f € X, is given by

[f] s (c+1it) /f weritd ,c,t,eR,

where ¢ is the complex unit (see [30]).
For f : R™ — R, the first Mellin derivative of f is defined by

(Of) (z) = zf (x)

provided the usual derivative f " exists at the point & € RT. Furthermore, by
iterating, the Mellin differential of order » € N can be written by

0 :=0 (0.

For convenience, put ©° := I, I denotes the identity. For more information,
we refer the readers to [30].

Throughout the rest of paper, ¢ : RT — R is called a kernel, if it satisfies
the following properties:

¢1) for every u € RT,

ng) (e*ku) =1;

kEZ
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$2)
My (@) := sup Z ’¢ ’ < 00;

ueRT ez

¢3) for every k > 0,

Jim > o (eTFu)[=0

|k—log u|>k
holds uniformly with respect to u € RY.
By ¥, we denote the class of all functions satisfying the properties ¢1), ¢2)

and ¢3)
Let r € N. Then, the algebraic moment of order r of ¢ € ¥ is given by
my (¢,u) = > ¢ (e —logu)”
kEZ

and for v > 0, the absolute moment of arbitrary order y is defined by
Z|¢ u)| [k —logul”.
kEZ

We put

M, (8) := sup M, ($,u).

ueR+

Remark 1. Note that if M, (¢) < oo, then Ms (¢) < oo for 0 < 5 < v (see
[26]).

Now for ¢ € ¥, considering the operators (1.8), we define the Hadamard-
type fractional exponential sampling Kantorovich series by

(I8 0 f) () = 320 () a)/o (lgl)

keZ
v d
f(e%) %}, w,a, > 0,2 €RT, (2.1)

where f: RT™ — R is integrable function such that the above series is abso-
lutely convergent for every x € RT and T is the gamma function.

Remark 2. If we choose o = 1 and then pu = «, we obtain the Riemann-
Liouville fractional-type Kantorovich exponential sampling series given by
(1.7).

Remark 3. Considering the definition of operators (2.1) and the equality

1 /1 < 1)“1 dv 1 /°° st _
—_— v# [ log — — = e Mt do =T,
I () Jo v I'(a) Jo

we immediately have that (Ig , ,1) (z) = 1, where 1 (z) = 1 for every z € R¥.

w, o
Remark 4. We easily see that the above series (2.1) is well defined for f €
B (RT). Indeed, considering the assumption ¢), we have

|(L5,0F) (@)] < Mo () £l
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i ¢
3. Main Results for I o0
This section deals with the convergence properties of the operators (2.1).

Theorem 1. Let f € M (RT) N B(RT) and ¢ € U be a kernel. Suppose that
x € RT is a continuity point of f. Then, we have

Jim (15, /) (@) = [ (2). (3.1)
Furthermore, if f € C(RT), there holds
i (120t~ £l =0 52

Proof. From (2.1) and the Remark 3, we have that

[e%

(18 0f) @) = F(@)] <37 |6 ()] ﬁ
keZ

1 a—1
1 v d
/ o (log ) ‘f (e%) - f(x) @
0 v v
Let x € RT be a continuity point of f and € > 0 be fixed. Thus, there exists
0 > 0 such that ‘f (e%) — f(2)

fix w in such a way that % < % for every w > w. Now for w > w, we have

< &, whenever |% — logx’ < §. We can

k
‘-i—v —|—£§5,
w

k
—logx| < |— —logx
w

whenever |g — logx’ < g. Then, we rewrite

|(t0nt) @ = 1 @)
S Gl oy R G I G R

)
|k—wlog x| < 45>

s el e [ (s D) () |

s
[k—wlog | > %2

= [1 —|— [2.

We first estimate I;. We have
Il S EMO (d)) .
As to Iy, by ¢3), we get
I <2 fll» > |6 (e *a)]

ws

|[k—wlog z|>%
<e2||fll

for sufficiently large w > 0. Hence, we get (3.1).
As for uniform continuity (3.2), we can prove in a similar way as the
above proof if we choose ¢ is independent of x. 0
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w,o, )

4. Rate of Convergence of (I ¢ )

In this section, we investigate the rate of convergence of the family of oper-
ators (Igj}a’ u)' First, we recall the definition of the logarithmic modulus of
continuity.
For f € C(R™), the logarithmic modulus of continuity is defined by
w (f,6) :=sup {|f (z) = f (y)| : [logz —logy| <4, z,y €RT,d > 0}.
(4.1)

The modulus of continuity given in (4.1) has all the properties by the classical
modulus of continuity (see [24]).

Theorem 2. Let ¢ be a kernel satisfying the assumption M, (p) < oo. If we
suppose that f € C(R™), then we have

(e

5 of = Fll . <wr <f, ;) {MO (¢) (1 + (“7

u+1)a) A (d))} '

Proof. From (2.1), we immediately have
|(18.auf) (@) = f ()]
ne ! 1\ ket dv
< ey L e (log—) |7 ()~ r@)| =
72’@5(6 m)‘r(a)/ov (logv) f(e ) I (z) » I
keZ
Thanks to inequality wy, (f;A0) < (A4 1)wyr (f,0),\ > 0, we obtain

e N () o o )

kez
e 1 a—1
Tk ow)| M 4 1 |k +v—wlogz|) dv
SwL(f’5)§‘¢(e ! )‘F(a)./o b (logv) (1+ ws ”
M, (¢) pne
< (7.0) { Mo (0) + P Mty ()}
Choosing § = %, we get the desired result. O

The result given in Theorem 2 cannot be applied to the Mellin—Fejer
kernel since its absolute moment of order 1 is not finite. For this reason, to

obtain a similar estimate, we consider the space of log-holderian functions of
order 0 < 8 < 1 defined by

Logr () = {f € C(RT) : w(f,6) =0 (6%), as 6 — 0" }.

Corollary 1. For f € Logm (), as a consequence of Theorem 2, we immedi-
ately have that

Hff;.,oz,uf - fHoo =0 (u;lg> ,as w — 0.
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5. Voronovskaja-Type Theorem

This section is devoted to a Voronovskaja-type theorem using the Mellin—
Taylor formula based on Mellin derivatives. To do this, we recall the Mellin—
Taylor formula for any f € Cg (R1) belonging to C("),r € N, locally at the
point x € RT. The Mellin-Taylor formula is defined by (see [22,54])

f@) :=f(z)+(0f) (z) (logt —logz) + w (logt — log:v)2 +...
—i—% (logt —logz)" + h (;) (logt —logx)", (5.1)

t
where h : RT — R is a bounded function such that lim i <> =0.

t—x xX
For f € C") (RT),r € N, not necessarily locally at the point z € R*,
we consider the following expression:

r

@) := Z 1 (©7f) (z) (logt — log )’ + Ry (t), (5.2)

]
i=0 7’
where

(©7f) (§) = (0"f) (z)

r!

R, (t) = (logt —logx)"

is the Lagrange remainder in Mellin-Taylor formula at the point # € R™ and
¢ is a suitable number lying between ¢ and =x.
Now, we consider

p1)
lim Z ’(ﬁ (e_kuﬂ |k —logu| =0,

K—00
|k—logu|>k

uniformly with respect to u € RY.
From now on, by ¥, we denote the class of functions satisfying the
properties 1), ¢2) and ).

Theorem 3. Let f € CD (RT) and ¢ € W be a kernel such that my (¢, z%) :=

my (¢) < oo is independent of x. Let my (¢) # — % If we suppose that

(n+1)*
M (¢) < oo, then we have

lim_w [(19,0,.f) (@) — £ (2)] = (©F) (@) [m1 (6) + ] +0 <1)

w—00 (,u —+ 1)(1 w
for a, ;> 0.

Proof. Let f € C™M (R*). Thanks to the Mellin-Taylor formula (5.1) up to
the first order, we have

7 () = £ @) + (1) () (’“:}” —logw) +h (f) (’”” —logx> .

w
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Using the definition of the operators (2.1), we get
( w, o, 1 ) (SL‘) f (I)

= oleter) o [ (g ) o @ (i)

keZ v
_ T et e k—wlogz + v\ dv
+Z¢(e kww)ri/ v“<10g7> h( )( )—
= () Jo v x w v
= J1 + Jo.

We first consider J;. We immediately have

7= Yot o [ og 1) (o) (L iErt ) &

kEZ

OO Lo 0+ 2

w 14 p>

Now, let us consider J. Here, we note that the pointwise notions of continuity
and log —continuity are equivalent. We fix £ > 0. Then, there exists § > 0

k+ov
H(=)

x
a way that i < g for every w > w. Then, there holds

R S /(1g1)

|k—wlog z|<

such that | k# —

< g, whenever logx} < 0. Let us fix @ in such

<wd
2
+v

(2

T S I Py ) (VS N

|[k—w log z|> %%

k+v
x
= J271 + J272.

Let us consider J 1. We obtain

. p* [t 1\ !
Jo1 < Z ¢ (e Fa")] m/ G <1Og U)
0

k+v
e w
h
wd x
|k—wlog z|< 4%

|k —wlogz| wv\dv e 08
" <w+w> v W (Ml(¢>+w+1>“M°(¢)>'

Now, we consider J; 2. Considering the fact that h is a bounded function, we
have

" |k —wlogz +v| dv

(h
\_/

|k —wlogz +v| dv
w v

X

e}

n
(n+1)"

for sufficiently large w > 0. This completes the proof. 0

Joa < 1+

e[l
w
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As a consequence of Theorem 3, we have the following Corollary.

Corollary 2. Let ¢ € U be a kernel satisfying the assumption m; (¢, x) =
mj(¢) =0, =1,2,...,r — 1 and m; (¢, ) # 0,7 = r, is independent of
x € RT. Let m, (¢) # — If f e O (RY),r € N, and M, (¢) < oo,

(u+r
we get
Jim " [(10,0) (@) = £2)] = ©1) @) [me (@) + A a4 ()
for a,u > 0.

Proof. For proof of Corollary, if we use the equality

« 1 a—1 «
a Pt (1o 1) d—vzi'u a, >0
r(a)fo (g v e MF

and use the hypothesis of the Corollary, we immediately get the assertion. [

6. Logarithmic Weighted Approximation

This section is devoted to main results in logarithmic weighted space of func-
tions and its subspaces. Note that the logarithmic weighted space of functions
is more general space of functions than C (R1).

Now, we recall the logarithmic weighted space of functions and its sub-
spaces. Thanks to weight function 1+log? () on RT, the logarithmic weighted
space of functions and its subspaces are given by (see [14])

Bg(Rﬂ = {f:R+—>R:%SMforeverymeR+}7
Co (RT) :==C (RT) N By (RT),
(%(Rﬂ::{fe(Z(Rﬂ:JE;1E£€ineR}.

The linear space By (RT) is a normed linear space with the norm

V@l
170 = o 5

Theorem 4. Let ¢ € U be a kernel satisfying the assumption My (¢) < 0.
Then, for w >0, IY , . is a linear operator from By (R) to By (RY) and it
s bounded.

Proof. Let us fix w > 0 and f € By (R™). From (2.1) we obtain
PRI S
<l St s [ () (1 ()%

( H

_ ne 1 . - k2 + 2kv + 02\ dv
=1 S Jo () gy [ (o) (1050 )

kEZ

xT

)
)
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Since k% = (k —wlogz)® + 2wlogz (k — wlog x) + w?log® z and k = (k—
wlogx + wlogz), we get

(15 a ) ()]
< Il {Mo ()
e kg e 1v“ o 1 o
r2 o ”r(a)O/ (1 ;)

w?2

((k) —wlogz)? 4 2w |log z| |k — wlog x| + w? 10g2x> dv
v

1
a—1
I O " 1 2(\k—wlogw\+wllog«rl)v) dv
ra el Tk CH ( w? v
€7 0
k e h 1\t 02 do
—kw Iz - il
+kz:|¢(e T )|F(a)/v (logv) 2o
€7 0

Hence, we have
| (78,0, f) ()]

2
<|Ifll, {MO () + M2 (¢) + 2w [log | My (¢) + w* log® zMj (¢)

2

w

pt 20y (9) + 2wllogx| Mo (6) | pt Mo (9) }
(k+1)" w? (h+2)" w> |
Dividing the both sides by 1 4 log? z, we have
(I f) @)
1+1log’z

< Ifll, [Mo(¢) <1 + w(,f: )T W (:i 2)“)

2u” M.
H _ ) 4 g¢) } )
(p+1) w

Since M (¢) < oo, this completes the proof. O

+ M, (9) (i} +

Now, we determine the rate of convergence. To do this, we recall the
weighted logarithmic modulus of continuity for f € Cy (RT) given in [14]. Tt
is defined by

O (:5) e |f (tx) — f ()|
f0):= \108;\1)9 (1+1og®t) (1+1log”z) (6.

The modulus of continuity defined in (6.1) has the following properties:

Lemma 1. (/14]) Let 6 > 0. Then

a) for f € Cy (RY), Q(f,6) < oo,
b) for f € C5 (RY), lim Q(f,8) =0,
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¢) for any A >0,
Qf,A0) <21+ 07 (1+0%)Q(f,9),
d) for all f € Cy (RY),
|f (&) = [ (2)]

5
<16 (1+log’a) (1+4%)° <1+ [log — log z[”

p )Q(f,é),t,x>0

hold.

Theorem 5. Let f € C’; (RT) and ¢ € W be a kernel satisfying the assumption
M5 (¢) < oo. Then, the inequality

6 r_ 6 ERREY’ e v
H-[wﬂ,pf f||L§2 Q<f3w> |: O(d)){l+ (M+5)a}+16 5(¢):|
holds.

Proof. Thanks to definition of the operators (2.1), we can write

(1) @)= 7] < Do) 2 [ (1) [ (%)

kEZ

dv
— — = 1.
F) 2
From Lemma 1 d), we get
I<16(1+1log2z) (1+06%)2Q(f,0)
o e 1 1\*t |k +wv —wlog:v|5 dv
M0(¢)+}§Z‘¢<e r )’F(a)/o U”(10g5> WU}
M5 (¢) N Mo (¢)>}
w3 §5 (n+5)“ '

If we choose § = w™! and consider § < 1, we obtain which is the desired
result. O

X

<16 (1 +log%z) (1+ 62)2 Q(f,9) {Mo (¢) + 16 <

From Theorem 5 and Lemma 1 b), we have the following Corollary.
Corollary 3. For all f € C (RY), there
dim (1250 f = £l =0
holds.

Finally, we present a quantitative form of Voronovskaja-type formula in
the logarithmic weighted space of functions. Let us first recall the following
Proposition.

Proposition 1. ([6]) Let (Of) € Cy (RY). For 6 <1 and t,x > 0, we have

[logt — logx|6>

IR, (t)] <64 (1 +log”z) Q((Of),0) <|1ogt —log x| + 5

(6.2)

where R is the Lagrange remainder of Mellin—Taylor formula given in (5.2).
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Theorem 6. Let (Of) € Cso (R*) and ¢ € U be a kernel such that my (¢, ) :=
my (@) < oo. Let my (¢) # — (#H . If Mg (¢) < oo, then we have

\w (19,0, f) (2) = £ (@)] = (©F) (x) (m1 (6) + (Mil))’

< 64 (1 +log?2) O ((@f) 1)

o 1 32 321° Mg (¢)
(o (G + ) + 240+ 455

for a,u > 0.
Proof. Thanks to (5.2), we obtain
(18.0.f) @) = f (@)
_ e w) BT 1\o! k—wlogz +v\ dv
= So(te) g [ (o) ene () S

kEZL

X o(etar) o [N (o) (M) 2

kEZ

S i )

+ Z o] (e_kacw> %/01 Ul <log;%)0t_1 R(ek$v> %U

kEZ

J

Now, we estimate .J. From the inequality (6.2), we have

|J\<Z|¢ —kgw ‘7/ <logi>a1‘R<ek$v> %

kEZ
—1

< 64 (1+1og x) ((ef), );Z’qﬁ(e*kxwﬂ F'U{;)/Ol o (logi)a
-

< 64 (1+10g2x)Q((9f),6)
{M1 ()  n*Mo(p) = 32 [MC‘Ma (¢) | p*My (¢)H
( )

w e )tw  wbe [k )T (ur6)°

—wl
><{|k woga:|—|—v+
w

Setting § = i, the proof is completed. O

7. Some Examples of Kernels with Applications

This section is devoted to some examples of kernel satisfying the assumptions
employed in this paper. Furthermore, we present numerical examples and
graphical representations.
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7.1. Mellin-Spline Kernel
For n € N and ¢t > 0, Mellin-Spline kernel of order n is defined by

n

Sy (t) = (n_l ol S (-1) (;‘) (g Jrlogtfj)i_l,

Jj=0

where (-) , denotes the positive part of the numbers (-). By, is a kernel with
compact support on [e~% e%],a > 0. We have that this kernel is continuous
and B, € X, for every ¢ € R. Thus, we can compute the Mellin transform of
B,,. For ¢ € R, the Mellin transform of B,, is given by

. ~ 2 T
Bl (c +0) = (SIHU(;’Q/)) , 7€ R\ {0}
(see [21]).
Using the Mellin—Poisson summation formula (see [32]) which is the
form

(1)° Y Bn (€"t) (k —logt)” = > [By] jy (2kmi) t 27", (7.1)

kEZ keZ

we can show that

ZBn (ekt) =1

kEZ

for every t € R™. Since B,, has a compact support, we have all the absolute
moments are finite. From (7.1), one has my (B,,) = 0 and other algebraic
moments of B,, can be computed in a similar way. Moreover, m,. (B,,, x) are
independent of z € RT for r = 1,2...n (see [23]). Since the all absolute
moments of By, are finite, the property ¢4) is satisfies.

As an example, we consider the Mellin-Spline kernel of order 3 given by

L(3 +logt)?, e3/2 <t < e1/2
%—logzt, e /2 <t <el/?
L3 —logt)?, el/? < t < /2

0, otherwise

Let us consider the function f : RT — R, f (z) = 1-&-% In the Table

1, we compare with the operators (1.7) and our operators (2.1) at random

values for o = 3, = %

Now, we consider the function g : Rt — R, g () = log® z. In the Table
2, we compare with the operators (1.7) and our operators (2.1) at random
values for « =2, u = %
Finally, we consider the function h : R — R, h (z) = 1+log? z. Figure 1

shows approximation of the function h by (I 5B o1 h) and (I f 5 h) , respectively.
1413 ’

Figure 2 shows approximation to the function A of the family of opera-
tors (152, ,) with respect to .

W,
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Table 1. Errors of estimates

w (Ifj‘géf)(l.l)— (Iff?)f)(l.l)— (Iff&%f)(él)— (jffgf) (4) —

f (L) f (L) f4) f4)
10 0.00171143 0.01218759 0.00015773 0.00243594
50 0.00036219 0.00247059 0.00007197 0.00054007

Table 2. Errors of estimates

v (150 @- ()@ - (1%,0) G- (12) ) -

w,2,3
9(2) 9(2) 9(5) 9(5)
5 0.02814501 0.10908629 0.05105227 0.23125839XXX
200 0.00043998 0.00232091 0.00101266 0.00537521XXX

35

25

—h

— (123 45)(h)

—(153)(h)

1 1 1 1 1 1 J
05 1 15 2 25 3 35 4 45 5

Figure 1. Approximation of the function h by (I f 31 h)
14> 3

7.2. Mellin-Fejer Kernel
As another example, we present family of Mellin—Fejer kernel defined by

. t—¢
Fe(t) := — psinc? (Blog \/i) ,ceER,p,teRT,
2 T

with the continuous extension F5 (1) = 3-. The Mellin-Fejer kernel is not
with compact support but F; € X, and, thus, Mellin transform of F} is given
by
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35

25—

—h

ds —(153,4,3)(h)

— (123 4,5)(h)

N

05 1 15 2 25 3 35 4 45 5

Figure 2. Approximation to the function h of the family of
operators (I Bs ) with respect to u

w, 0,

(see [21]). Let ¢ = 0 and p = 1. Thanks to (7.1), we get

ZFlo (ekt) =1
kEZ
for every t € RT. Note that M; (Ff) is not finite but for 0 < 8 < 1 we have
Mg (Flo) < 00.
To have an asymptotic expression, we present the following example
modifying the Mellin—Fejer kernel in a suitable way.

7.3. Mellin—Jackson Kernel

We consider the generalized Mellin—Jackson kernel which is the form (see
[23])

logt

L —c ... .20
J%g (t) = dmgt S1nce <2'797T

>, ceR,t eRT,

where 6 € N,y > 1 and d, ¢ is a normalization constant, i.e.,

_ *° logt \ du
1. .20
d”’e '_/0 S <2’}/97T> w

Since [|Jy,0/x, = 1, hence J, 9 € X.. Therefore, Mellin transform of .J, ¢ is
well-defined and [J ] ;; (¢ +i0) = 0 for [0 > ~. Thus, we have that .J, ¢ is
a Mellin band-limited kernel. Moreover, since [J, ] (0) = 0 and for k& # 0,
[J5.0] 5y (2k7i) = 0, we get

> Ty (€)= 1.

keZ
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Also, thanks to (7.1), one has mq (Jy9) = 0 and for 6 > 2, my (J, ) :=
A, 9 < o0o. In addition, we have that M; (J4,9) < 00, Ma (J,,9) < oo and thus
¢4) is satisfies (see [23]).
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