
DEMONSTRATE MATHEMATICA 
Vol. XXXIII No 2 2000 

Kamil Demirci 

^-STATISTICAL CORE OF A SEQUENCE 

Abstract. In this paper we extend the concepts of statistical limit superior and 
inferior (as introduced by FVidy and Orhan) to A-statistical limit superior and inferior and 
give some .¿-statistical analogue of properties of statistical limit superior and inferior for 
a sequence of real numbers. Also we extend the concept of statistical core to A-statistical 
core and get necessary and sufficient conditions on a matrix T so that the Knopp core of 
Tx is contained in the Astatistical core of a bounded complex number sequence x. 

1. Introduction 
If A" is a set of positive integers, Kn will denote the set {k € K : k < n} 

and \Kn\ will denote the cardinality of Kn. The natural density of K [16] 
is given by 6{K) := lim„ if it exists. The number sequence x = (x*) 
is statistically convergent to L provided that for every e > 0 the set K := 
K(e) := {k € N : |x* — L\ > «} has natural density zero [6], [8]. In this 
case, we write st — limx = L. Hence x is statistically convergent to L iff 
(CiXK(e))n —» 0, (as n —• oo, for every e > 0), where Ci is the Cesâro mean 
of order one and xk is the characteristic function of the set K. Properties 
of statistical convergent sequences have been studied in [2], [3], [8], [17]. 

Statistical convergence can be generalized by using a regular nonnegative 
summability matrix A in place of Ci. 

Following Freedman and Sember [7], we say that a set K Ç N has. 
A-density if 6A(K) := lim„(Axjr)n = limn 52K€K ^fc exists where A is a 
nonnegative regular matrix. 

The number sequence x = (x*) is A-statistically convergent to L pro-
vided that for every e > 0 the set K(e) has A-density zero [3]. In this case 
we write SÎA — limx = L. This idea was studied by Freedman and Sember 
[7], Connor [4], [5] and Kolk [14]. * 
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In [5] a .¿-statistical cluster point of a sequence x is defined as a number 
7 such that for every e > 0 the set {k € N : |ifc — 7| < e} does not have 
.¿-density zero. 

In this paper we give definitions of the conceps of .¿-statistical limit 
superior and inferior and develop some .¿-statistical analogues of properties 
of statistical limit superior and inferior for a sequence of real numbers. Also 
we introduce the concept of .¿-statistical core a sequence and get necessary 
and sufficient conditions on a matrix T so that the Knopp core of Tx is 
contained in the .¿-statistical core of a bounded complex number sequence x. 

2. .¿-statistical limit superior and limit inferior 
In this section we study the concepts of .¿-statistical limit superior and 

inferior. The result are analogues to those given by Fridy and Orhan [10]. 
Throughout the paper A = (anfc) will denote a summability matrix which 

transforms a number sequence x — (xk) into the sequence Ax whose n-th 
term is given by (.¿x)n = ankXk. As usual, N will denote the positive 
integers, R the real numbers and C the complex numbers.In this section x 
will denote real number sequence. 

Throughout the paper A = (an*.) will be a nonnegative regular matrix 
summability method. 

For a number sequence x = ( a l e t Bx denote the set 
Bx :={beR : SA{k : xk > 6} ^ 0}. 

Similarly, 
Ax :={aeR : 6A{k : xk < a} ^ 0}. 

Note that throughout the paper the statement 6a{K) / 0 means that 
either 6A(K) > 0 or K fails to have .¿-density. 
DEFINITION 1. Let A = (ank) be a nonnegative regular matrix summability 
method and x be a number sequence. Then the ^-statistical limit superior 
of x is given by 

. J sup Bx, if 

Also, the ^-statistical limit inferior of z is given by 

DEFINITION 2. The number sequence x is said to be ^-statistically bounded 
if there is a number B such that : > B} = 0. 

Note that if we take A = C\ (the Cesaro matrix of order 1) in Def-
initions 1 and 2, then we get Definitions 1 and 2 of [10]. When A = C\ 
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Xk = 

we shall simply write 8 instead of 6c1 and st — lim sup / lim inf instead of 
stc1 — lim sup / lim inf. 

We shall provide an example to illustrate the concepts just defined. Con-
sider the matrix A = (ank) defined by 

' jp&iy . if k = n2 + 1, 
^ = - al^iy- i f k = n 2 + 2> 

k 0, otherwise. 

Let us define the sequence x = (xk) by 
if fc = n2 + 1, 

2, if k = n2 + 2, 
k, if k = n2 , 

- 0, otherwise. 
It is clear that A = (ank) is a nonnegative regular matrix summability 

method. Although x is unbounded above, it is .¿-statistically bounded for 
6A{k : |xfc| > 2} = 0. 

If we write D := {A: = n2 : n = 1,2,. . .}, E := {k = n2 + l : n = 1,2, . . .} 
and F := {A; = n2 + 2 : n = 1,2,. . .}, then we have 6{D) = 0, 6{E) = 0, 
6(F) = 0, 6{E U F) = 0, 6{DU EL) F) = 0. Also we have 6A(D) = 0, 
6A{E) = SA(F) = 6A(E U F) = 1, SA(D U B U f ) = l , Thus BX = 
(—oo,2), Ax = (0, +00), si a — limsupz = 2 and stA — liminf x = 0. Also, x 
is not ^-statistically convergent since it has two (disjoint) subsequences of 
positive .¿-density that converge to 0 and 2 respectively, (see Theorem 3.2 
of [14]). Observe that, x is statistically bounded since 6{k E N : Xk ^ 0} 
= 0. Moreover it is statistically convergent to 0 since st — lim sup x = st — 
liminf x = 0 [10]. We note that the set of A-statistical cluster points of 
x is r ^ := {0,2} and si a — lim sup x equals the greatest element while 
stA — liminf x is the least element of this set. This observation suggests 
following result which can be proved by straightforward least upper bound 
argument. 

Theorem 1. If ¡3 = st^—lim sup x is finite, then for every positive number e 
(1) SA{k:xk> 0-e}^ 0 and SA{k : xk > 0 + e} = 0. 

Conversely, if (1) holds for every positive e then /3 = stA — lim sup x. 
The dual statement for stA — lim inf x is as follows. 

THEOREM 2. If a — stA — lim inf x is finite, then for every positive number e 
(2) SA{k :xk<a + e}^0 and ¿¿{A:: xk < a - e} = 0. 

Conversely, if (2) holds for every positive c then a = stA ~ liminf x. 
Now we have the following 
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THEOREM 3. For any real number sequence x, 
stA — liminf x < stA — limsupx. 

Proof. First consider the case in which stA — limsupx = — oo. Hence we 
have Bx = 0, so for every 6 in R, ¿¿{fc : x* > 6} = 0 which implies that 
¿¿{fc : Xfc < 6} = 1, so for every a in R, ¿¿{A; : Xk < o} ^ 0. Hence, 
stA — liminf x = —oo. 

The case in which stA — limsupx = +oo needs no proof, so we next 
assume that 0 = stA ~limsupx is finite, and let a := stA — liminf x. Given 
e > 0 we show that (3 + e € Ax, so that a < 0 + e. By Theorem 1, : 
Xk > 0 + §} = 0 because 0 = lubBx. This implies ¿¿{A:: x* < 0 + = 1 
which, in turn, yields that ¿¿{A; : x* < 0 + e} = 1. Hence 0 + e E Ax. By 
definition a = inf Ax, so we conclude that a < 0 + e; and since e is arbitrary 
this proves that a < 0. 

From Theorem 3 and the above definition, it is clear that 
liminf x < stA ~ liminf x < stA — limsupx < limsupx 

for any number sequence x. 
.¿-statistical limit point of a sequence x is defined in [5] as the limit of a 

subsequence of x whose indices do not have .¿-density zero. One cannot say 
that stA — limsupx is equal to the greatest .¿-statistical limit points of x. 
(See, for A = Ci, Example 4 in [9]). 

Note that A—statistical boundedness implies that stA — limsup and 
stA — liminf are finite, so Properties (1) and (2) of Theorem 1 and 2 hold. 
THEOREM 4. The A-statistically bounded sequence x is A-statistically con-
vergent if and only if 

stA — liminf x = stA — limsupx. 
Proof. Let a := styi — liminf x and 0 := sta — limsupx. First suppose that 
stA — limx = L and e > 0. Then k : |x* — L\ > e} = 0, so 6a{Ic : Xk > 
L + e} = 0, which implies that 0 < L. We also have : x*. < L — e} = 0 
which yields that L < a. Therefore 0 < a. Combining with Theorem 3 we 
conclude that a = 0. 

Now assume a = 0 and define L := a. If e > 0 then (1) and (2) of 
Theorem 1 and 2 imply 6a{1c • Xk > L+ §} = 0 and 6 a : x/t < L— = 0. 
Hence stA — limx = L. 

In [1] Buck proved the following: a sequence which is Ci-summable to its 
limit superior is statistically convergent. Also, in [10] Fridy and Orhan have 
presented a statistical analogue of this result. Now we have the following 

THEOREM 5. If the number sequence x is bounded and A-summable to the 
number L : = stA — limsupx, then x is A-statistically convergent to L. 
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Proof . Suppose that x is not .¿-statistically convergent to L. Then by 
Theorem 4, stA — lim inf x < L, so there is a number M < L such that 
6a{Ic : xk < M} ^ 0 . Le t K' := {k : xk < M}. B y the definition of L, 
¿¿{fc : Xk > L + e} = 0 for every e > 0. Define 

K" :={k:M < x k < L + e} and K'" {k : xk > L + e } , 

and let B := supfc xk < oo. Since 8a{K') 0, there are infinitely many n 
such that limsupn ank>d>0. Furthermore, for each n, |onfc®fc| 
< oo. Hence we have 

oo 
{Ax)n = OnJfcXfc = OnfcXfc + ^ ankXk + °nfc®fc 

*=i keK' fce/f" keK>" 

<M^2ank + (L + e) £ ank + B ^ ank 

fc6/c' keK" keK1" 
oo 

= M Yl ank + (L + c ) + ank + 0(1) 
k€K' «5=1 keK' 

oo 

= - Y , ank[-M + (L + c)] + (L + c) £ a n k + 0(1) 
keK' fc=i 
oo oo 

< ¿ ] £ a n f c - d(L -M) + e ( j 2 a n k ~ d ) + 

fc=i fc=i 

Since e > 0 is arbitrary it fallows that 

lim inf Ax < L - d(L - M) < L. 

Hence, x is not A-summable to L whence the result. 
By symmetry we have the dual result. 

COROLLARY 1. If the number sequence x is bounded and A-summable to the 
number L : = s i a — l im inf x , then x is A-statistically convergent to L. 

If we take A = C\ in the Theorem 5, then Example 2 of [10] shows 
that the boundedness cannot be omitted or even replaced by the weaker 
assumption of a A-statistical boundedness. 

3. .¿-statistical core 
In [10] Fridy and Orhan introduced the concept of the statistical core a 

real number sequence, and proved the statistical core theorem. Those results 
have also been extended [11] to the complex case by them too. Using the 
same technique as in [11], we introduce the concept of A-statistical core of a 
sequence and get necessary and sufficient conditions on a matrix T so that 
the Knopp core of Tx is contained in the A-statistical core of x for every 
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bounded complex number sequence.In this section x,y and z will denote 
complex number sequences and A — (ank) will denote nonnegative regular 
matrix summability method. 

In [12] and [13] the Knopp core the sequence x is defined by 

K — core{x} := Q Cn(x), 
neN 

where Cn(x) is the closed convex hull of {a;*}*>,»• In [18] it is shown that 
for every bounded x 

K-care{x}= f ) B*x{z), 
zee 

where B*(z) := {w € C : \w — z\ < limsupfc |xfc — z\}. 
The next definition is an A-statistical analogue of statistical core [11] of 

a sequence. 
Note that, if x and y are sequences such that 

6A{k EN :xk=yk} = 1, 
then we write "Xk = yk A — a.a.k." 

DEFINITION 3. For any complex sequence x let HA(X) be the collection 
of all closed half-planes that contain Xk A — a.a.k; i.e., 

Ha(x) := {H : H is closed half-plane and € N : Xk H} = 0}, 
then the A-statistical core of x is given by 

si A — core{x} := P| H. 
H€HA(X) 

It should be note that in the definition of the K — core{x}, the closed 
convex hull Cn(x) is the intersection of all closed half-planes that contain 
{®k}fc>»i; in defining the stA — core{x} we have simply replaced {xfc}fc>n 

by an arbitrary subsequence of A-density one. Therefore it follows that for 
all x, stA — core{x} C K — core{x}. It is clear that for any ^-statistically 
bounded real sequence x 

stA — care{x} = [si A — liminf x,stA — limsupx]. 

The next theorem is .¿-statistical analogue of the Lemma of [11]. 

THEOREM 6. Let x be A-statistically bounded sequence; for each z € C let 

Bx(z) := {w € C : \w - z\ < stA - limsup \xk — z\}\ 
k 

then 
stA — core{x} = p | Bx(z). 

z€C 
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P r o o f . Prom the definition of stA — limsupx and Theorem 1, we observe 
that the disk Bx(z) is equal to the intersection of all closed disks centered at 
ze that contain Xk A — a.a.k. First assume w £ Hzec s a y w & Bx(z*) 
for some z*. Let H be the half-plane containing Bx(z*) whose boundary line 
is perpendicular to the line containing w and z* and tangent to the circular 
boundary of Bx(z*). Since Bx(z*) C H and Bx(z*) contains Xk A — a.a.k, it 
follows that H € H A ( X ) . Since w $ H this implies W G OH€Ha(X) H- Hence, 
stA - core{x} C f | z e C Bx(z). 

Conversely, if W & H be A plane in HA(X) such that 
w £ H. Let L be the line through w that is perpendicular to the boundary 
of H, and let p be the midpoint of the segment to L between w and H. Let 
z be a point of L such that z £ H, and consider the disk 

B(z) = { Z e C : \ £ - z \ < \ p - z \ } . 

Since x is ^-statistically bounded and Xk € H A — a.a.k, we can choose 
z sufficiently far from p so that \p — z\ = STA — limsupfc \xk — z|. Thus B(z) 
is one of the Bx(z) disks, and since w £ B(z) we get that w ft Plzgc ^x(z). 
This establishes the proof. 

We note that Theorem 6 is not necessarily valid if x is not .¿-statistically 
bounded. For example, consider the matrix A = (ank) defined by 

o f 1, if fc = n2 , 
n \ 0, otherwise. 

It is clear that A = (an&) is a nonnegative regular matrix siunmabihty 
method. If Xk = k for all k, then x has no ^-statistical cluster point and 
stA — core{x} = (¡>. But for any z € C no disk of finite radius can contain 
Xk .A-a.a.k, so stA — limsupfc |ifc — z\ = oo and Bx(z) is the whole plane C, 
whence 

<t> = st A- care{x} ± p | Bx{z) = C. 
z€C 

Now we give necessary and sufficient conditions on a matrix T so that 
the Knopp core of Tx is contained in the A-statistical core of x for every 
bounded complex number sequence x. Throughout the remainder of this 
paper the set of bounded complex number sequence will be denoted by £oo-

THEOREM 7. If the matrix T satisfies 
oo 

s u P X > n f c | < OO, 
" Jfe=l 

then JC — core{Tx} C stA — core{x} for every x G ¿oo if and only if the 
following conditions hold: 
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( i ) TER^, i.e., T is regular and Iimn J2KÇE l*nfc| = 0 whenever 6 A{E)=0; 

(ii) limn |tnfc| = 1. 

Proof. (Necessity). If x .A-statistically convergent to L, then 

stA — core{x} D K — care{Tx}. 

Since Tx is bounded for all x € ¿oo> we must have that 
K - core{Tx} = {L}, 

so Tx is convergent to L. Now the Corollary 5.1 of Kolk [14] imply that T 
is regular and limn YLKZE l̂ nfcl = 0 whenever 6A(E) — 0, i.e., condition (i) 
holds. Also we have 

K — core{Tx} Ç SÎA — core{x} QK — core{x}. 

Now Theorem 2.1 of [15] for the case A = 1 and K = C implies that 
limsupn \tnk\ < 1, and this is equivalent to limn l̂ nfcl = 1 be-
cause T is regular. This proves the necessity of (i) and (ii). 

(Sufficiency). Assume (i) and (ii) and let to € /C — care{Tx}. For any 
z € C we have 

(3) \w-z\< limsup \z - {Tx)n| 
n 

oo 
= limsup \z - tnkXk 

k=1 
oo oo 

= limsup I — Xk) + z(l — ^¿nfe) I 
n fc=l fc=l 

oo oo 
< limsup I y ^ tnk{z - Xk) I + limsup \z\|l - y^ tnk \ 

n ' , ; I n I , , I k=l fc=l 
oo 

= limsup J > f e ( z - xk) • 
n k=i 

Let r = stA — limsupfc |ifc — z\, suppose e > 0, and let E := 
{k :\z — Xk\> r + e}. Then 6A(E) = 0, and we write 

oo 

| tnk(z -Xk) = | XI tnk(Z ~ Xfe) + tnk(Z ~ 
k=l k&E k$E 

< iinfciiz ~ zfci+ E \tnk\\z - ifci 
k€E k$E 

< sup \z - Xk | |fnfc| + (r + e)^2 I*«*!-
fc k£E k£E 
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Now (i) and (ii) imply that 

I °° I limsup '»*(* - xk) < r + e. 
fc=i 

If follow from (3) that \w — z\ < r + c; and since € is arbitrary this yields 
|tt> — z\ < r . Hence, w e Bx(z), so by Theorem 6 we get w e stA — core{x}. 
Hence the proof is completed. 

Since stA — core{x} C K — core{x} we have the following corollary. 

COROLLARY 2. If the matrix T satisfies supn ^2k=i°° |infc| < oo and pro-
perties (i) and (ii) of Theorem 7, then 

stA — core{Tx} C si a ~ core{x} 
for every x e £00 • 

We will now show that the converse of Corollary 2 is not true but we 
first need the following lemma. 

LEMMA 1. If x and y are sequences such that xk = yk for A-a.a.k, then 
r i i r^i 
*• x~ *• y • 

Proo f . Let 7 € Define K := {k € N : xk = I/*}. For every e > 0 the 
set {k € K : — 7I < e} does not have .¿-density zero. Since 

{k € K : |yfc - 7 | < e} C {k e N : \yk - j\ < «}, 

it follows that for every e > 0 the set {k €. N : — 7I < c} does not 
have .A-density zero. Hence 7 € Ty. By the symmetry we see that r ^ C T^ 
whence r £ = . 

EXAMPLE. Consider the matrix A = (ank) defined by 

if k = n2 + 1, f l , if 
\0 , o ank 1 n otherwise, 

and define T = (tnk) so that (Tx)n = xn A-a.a.k. By Lemma 1 the A-
statistical cluster points of Tx are the same as those of x, so stA~core{Tx} = 
stA ~ care{®}. Now define 

1, if k — n and n is a nonsquare, 
is a square, {1, if k — n and n is 

1, if k < n and n is 
0, otherwise; 

(rps _ / ®n, if n is 
( r x ) n - \ £ L i * f c , i f n i s 

then 
is a nonsquare, 
is a square. 
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For the matrix T — (tnk), 

, , f 1, if n i 
in* H -r • (n, if n is a square. 

is a nonsquare, 

Observe that sup„ YlkLi l*nfc| = oo. Also, it is clear that lim„ Yl'kLi in 
(ii) does not exist. If the set E := {A: = n2 : n = 1,2,. . . } , then 6A(E) = 0. 
Since 

E f 0, i f n i 
<n* H r -t • 

k € E I VS . ¿n* 

is a nonsquare, 
is a square, 

limn Yl'kLi l̂ nfcl hi (i) does not exist. 

Acknowledgment. The author is indebted to the referee for severed 
suggestions that have improved the exposition of these results. 
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