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A-STATISTICAL CORE OF A SEQUENCE

Abstract. In this paper we extend the concepts of statistical limit superior and
inferior (as introduced by Fridy and Orhan) to A-statistical limit superior and inferior and
give some A-statistical analogue of properties of statistical limit superior and inferior for
a sequence of real numbers. Also we extend the concept of statistical core to A-statistical
core and get necessary and sufficient conditions on a matrix T so that the Knopp core of
Tz is contained in the A-statistical core of a bounded complex number sequence z.

1. Introduction

If K is a set of positive integers, K, will denote the set {k € K : k < n}
and |K,;| will denote the cardinality of K. The natural density of K [16]
is given by 8§(K) := lim, 1|K,|, if it exists. The number sequence z = (z)
is statistically convergent to L provided that for every ¢ > 0 the set K :=
K(e) := {k € N : |z — L| > €} has natural density zero [6], [8]. In this
case, we write st — limz = L. Hence z is statistically convergent to L iff
(Cixk(e))n — 0, (as n — oo, for every € > 0), where C is the Cesiro mean
of order one and xx is the characteristic function of the set K. Properties
of statistical convergent sequences have been studied in {2], [3], [8], [17]-

Statistical convergence can be generalized by using a regular nonnegative
summability matrix A in place of C;.

Following Freedman and Sember [7], we say that a set K C N has.
A-density if 64(K) := lima(AxKk)n = limy Y c g ank exists where A is a
nonnegative regular matrix.

The number sequence z = (z) is A-statistically convergent to L pro-
vided that for every € > 0 the set K(e) has A-density zero [3]. In this case
we write st4 — limz = L. This idea was studied by Freedman and Sember
{7], Connor [4], [5] and Kolk [14].
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In [5] a A-statistical cluster point of a sequence z is defined as a number
7 such that for every € > 0 the set {k € N : |zx — 7| < €} does not have
A-density zero.

In this paper we give definitions of the conceps of A-statistical limit
superior and inferior and develop some A-statistical analogues of properties
of statistical limit superior and inferior for a sequence of real numbers. Also
we introduce the concept of A-statistical core a sequence and get necessary
and sufficient conditions on a matrix T so that the Knopp core of Tz is
contained in the A-statistical core of a bounded complex number sequence z.

2. A-statistical limit superior and limit inferior

In this section we study the concepts of A-statistical limit superior and
inferior. The result are analogues to those given by Fridy and Orhan [10].

Throughout the paper A = (a,x) will denote a summability matrix which
transforms a number sequence z = (zx) into the sequence Az whose n-th
term is given by (Az), = Y o, @nkZk. As usual, N will denote the positive
integers, R the real numbers and C the complex numbers.In this section z
will denote real number sequence.

Throughout the paper A = (a,x) will be a nonnegative regular matrix
summability method.

For a number sequence = = (zx) let B, denote the set

B, :={b€ R:6a{k: xx > b} #0}.
Similarly,
A ={a€ R:6a{k:zx <a} #0}.
Note that throughout the paper the statement §4(K) # 0 means that
either §4(K) > 0 or K fails to have A-density.

DEFINITION 1. Let A = (a,x) be a nonnegative regular matrix summability
method and = be a number sequence. Then the A-statistical limit superior
of z is given by

sup B;, if B; #0,

_m, if Bz = 0. .

Also, the A-statistical limit inferior of z is given by

inf A;, if A; #0,

+o00, ifA;=0. .
DEFINITION 2. The number sequence z is said to be A-statistically bounded
if there is a number B such that §a{k : |zx| > B} = 0.

Note that if we take A = C; (the Cesiro matrix of order 1) in Def-
initions 1 and 2, then we get Definitions 1 and 2 of [10]. When A = C;

st4 — limsupz := {

sty — liminfzx := {
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we shall simply write § instead of ¢, and st — limsup /liminf instead of
ste, — limsup /liminf .

We shall provide an example to illustrate the concepts just defined. Con-
sider the matrix A = (a,x) defined by

f(nn_-l—l)-’ ifk= n2 + 1,
Qnk = 1_ﬂnn—+ﬁ’ ifk=n2+2,
0, otherwise.

Let us define the sequence x = (z) by

i, ifk=n?+1,
o = 2, ifk=n2+2,

k, if k=n2,

0, otherwise.

It is clear that A = (a,k) is a nonnegative regular matrix summability
method. Although z is unbounded above, it is A-statistically bounded for
ba{k: |zx| > 2} = 0.

Ifwewrite D:={k=n2:n=1,2,..}, E:={k=n?+1:n=1,2,...}
and F := {k =n?+2:n = 1,2,...}, then we have §(D) = 0, §(E) = 0,
5(F)=0,8(EUF)=0,80UEUF) = 0. Also we have §4(D) = 0,
b4(E) = %, 04(F) = -;-, SA(EUF)=1,04(DUEUF) =1. Thus B, =
(-00,2), Ay = (0,4+00), st4 —limsupz = 2 and st4 — liminf z = 0. Also, z
is not A-statistically convergent since it has two (disjoint) subsequences of
positive A-density that converge to 0 and 2 respectively, (see Theorem 3.2
of [14]). Observe that, z is statistically bounded since §{k € N : zx # 0}
= 0. Moreover it is statistically convergent to 0 since st — limsupz = st —
liminfz = 0 [10]. We note that the set of A-statistical cluster points of
zis T4 := {0,2} and st4 — limsupz equals the greatest element while
st4 — liminf = is the least element of this set. This observation suggests
following result which can be proved by straightforward least upper bound
argument.

THEOREM 1. If B = st4—limsup z is finite, then for every positive number e

(1) 0a{k:zk>P—€}#0 and ba{k:zr>B+€}=0.
Conversely, if (1) holds for every positive € then 8 = st4 — limsupz.
The dual statement for st4 — liminf z is as follows.

THEOREM 2. If a = st 4 — liminf = is finite, then for every positive number €

(2) Sa{k:zr<a+e}#0 and ba{k:zr<a—€}=0.
Conversely, if (2) holds for every positive € then a = st4 — liminf z.

Now we have the following
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THEOREM 3. For any real number sequence z,
sty — liminfz < sty — limsupz.

Proof. First consider the case in which st4 — limsupz = —oo. Hence we
have B, = @, so for every b in R, §4{k : zx > b} = 0 which implies that
Sa{k : zr < b} = 1, so for every a in R, §4{k : = < a} # 0. Hence,
sty —liminfz = —o0.

The case in which st4 — limsupz = 400 needs no proof, so we next
assume that 3 = st4 — limsup z is finite, and let a := st4 — liminf z. Given
€ > 0 we show that 8+ ¢ € A,, so that a < 3 + €. By Theorem 1, §4{k :
zr > B+ 5} = 0 because 8 = lubB;. This implies §4{k: zx < B+ 5} =1
which, in turn, yields that §4{k : zx < 8+ ¢} = 1. Hence 5+ ¢ € A;. By
definition o = inf A, so we conclude that o < #+¢; and since ¢ is arbitrary
this proves that a < 8.

From Theorem 3 and the above definition, it is clear that

liminfz < sty — liminfzx < st4 — limsupz < limsupz

for any number sequence zx.

A-statistical limit point of a sequence z is defined in [5] as the limit of a
subsequence of z whose indices do not have A-density zero. One cannot say
that st4 — limsup z is equal to the greatest A-statistical limit points of z.
(See, for A = C;, Example 4 in [9]).

Note that A—statistical boundedness implies that st4 — limsup and
st4 — liminf are finite, so Properties (1) and (2) of Theorem 1 and 2 hold.

THEOREM 4. The A-statistically bounded sequence = is A-statistically con-
vergent if and only if

st4 — liminfx = st4 — limsup .

Proof. Let o := st4 —liminf z and 8 := st4 —limsup z. First suppose that
stg —limz = L and € > 0. Then §4{k: |zx — L| > €} =0, s0 §a{k : zx >
L + €} = 0, which implies that § < L. We also have §4{k:zx < L—¢€} =0
which yields that L < a. Therefore # < a. Combining with Theorem 3 we
conclude that a = .

Now assume a = ( and define L := a. If ¢ > 0 then (1) and (2) of
Theorem 1 and 2 imply §4{k: zx > L+ 5} =0and §4{k: 2 < L—%} =0.
Hence st4 —limz = L.

In (1) Buck proved the following: a sequence which is Cy-summable to its
limit superior is statistically convergent. Also, in [10] Fridy and Orhan have
presented a statistical analogue of this result. Now we have the following

THEOREM 5. If the number sequence z is bounded and A-summable to the
number L := st4 — limsup z, then x is A-statistically convergent to L.
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Proof. Suppose that z is not A-statistically convergent to L. Then by
Theorem 4, st4 — liminfx < L, so there is a number M < L such that
Sa{k : zx < M} # 0. Let K' := {k : 2 < M}. By the definition of L,
6a{k:zr > L+ €} =0 for every € > 0. Define
K':={k:M<zx<L+¢} and K" :={k:zp>L+é¢},

and let B := sup; zx < 00. Since §4(K’) # 0, there are infinitely many n
such that limsup,, Y, c s+ @nk >d>0. Furthermore, for each n, 3} ;7 @ik
< 00. Hence we have

(Az), = Zankmk = Z GnkTk + Z QnkTk + Z QnkZTk

kEK' ke K" keK'
SMZaﬂk+(L+€) Zank+B Z Qnk
keK' kEKII keKIII
=M a,.k+(L+.s)Za,.,c —(L+€) Y ank+0(1)
kek' kEK
= - Y an[-M+(L+e]+(L+ e)Za,.;c +0(1)
keK' k=1
<L2a,,k—d(L M)+G(Za,.k— )+0(1).

k_
Since € > 0 is arbitrary it fallows that
liminf Az < L -d(L-M)<L.

Hence, z is not A-summable to L whence the result.
By symmetry we have the dual result.

COROLLARY 1. If the number sequence z is bounded and A-summable to the
number L := st4 — liminf z, then z is A-statistically convergent to L.

If we take A = Cj in the Theorem 5, then Example 2 of [10] shows
that the boundedness cannot be omitted or even replaced by the weaker
assumption of a A-statistical boundedness.

3. A-statistical core

In [10] Fridy and Orhan introduced the concept of the statistical core a
real number sequence, and proved the statistical core theorem. Those results
have also been extended [11] to the complex case by them too. Using the
same technique as in [11], we introduce the concept of A-statistical core of a
sequence and get necessary and sufficient conditions on a matrix T so that
the Knopp core of Tz is contained in the A-statistical core of z for every
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bounded complex number sequence.In this section z,y and z will denote
complex number sequences and A = (ank) will denote nonnegative regular
matrix summability method.

In [12] and [13] the Knopp core the sequence z is defined by

K — core{z} := n Cn(z),
neN

where Cp(z) is the closed convex hull of {Zz}r>n. In [18] it is shown that
for every bounded z

K — core{z} = (] Bi(),
zeC
where B(2) := {w € C: |w — z| < limsupy, |zx — 2|}
The next definition is an A-statistical analogue of statistical core [11] of

a sequence.
Note that, if £ and y are sequences such that

Sa{k e N:zp =y} =1,
then we write “z, = yx A — a.a.k.”

DEFINITION 3. For any complex sequence z let Ha(z) be the collection
of all closed half-planes that contain zx A — a.a.k; i.e.,

Hy(z) := {H : H is closed half-plane and §4{k € N : 2 ¢ H} = 0},
then the A-statistical core of z is given by
sta — core{z} := ﬂ H.
HEHA(:B)

It should be note that in the definition of the K — core{z}, the closed
convex hull Cy,(z) is the intersection of all closed half-planes that contain
{zk}k>n; in defining the st4 — core{z} we have simply replaced {zr}k>n
by an arbitrary subsequence of A-density one. Therefore it follows that for
all z, stq — core{z} C K — core{z}. It is clear that for any A-statistically
bounded real sequence z

sta — core{z} = [sta — liminf z, st 4 — limsup z].

The next theorem is A-statistical analogue of the Lemma of [11].

THEOREM 6. Let z be A-statistically bounded sequence; for each z € C let

B:(2) :={w € C: |w — 2| < st4 — limsup |z — 2|};
k

then

stq — core{z} = n B (2).
zeC
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Proof. From the definition of st4 — limsupx and Theorem 1, we observe
that the disk B,(z) is equal to the intersection of all closed disks centered at
ze that contain zx A —a.a.k. First assume w € [, Bz(2), say w € Bz(2")
for some 2*. Let H be the half-plane containing B, (z*) whose boundary line
is perpendicular to the line containing w and z* and tangent to the circular
boundary of Bz(z*). Since B;(z*) C H and B;(z*) contains = A—a.a.k, it
follows that H € Ha(z). Since w ¢ H this implies w & \gep, (o) H. Hence,
stq — core{z} C N,cc Bz(2)-

Conversely, if w & (¢ Ha(z) H> let H be a plane in H. A(z) such that
w ¢ H. Let L be the line through w that is perpendicular to the boundary
of H, and let p be the midpoint of the segment to L between w and H. Let
z be a point of L such that z € H, and consider the disk

B(z)={{eC:|{—2|<|p-2l}.

Since z is A-statistically bounded and zx € H A — a.a.k, we can choose
z sufficiently far from p so that |p — z| = st4 — limsupy, |zx — 2|. Thus B(z)
is one of the B.(z) disks, and since w ¢ B(z) we get that w € (1,cc Bz(2).
This establishes the proof.

We note that Theorem 6 is not necessarily valid if z is not A-statistically
bounded. For example, consider the matrix A = (anx) defined by

an = 1, if k=n?,
nk 0, otherwise.

It is clear that A = (an) is a nonnegative regular matrix summability
method. If z, = k for all k, then £ has no A-statistical cluster point and
sty — core{z} = ¢. But for any z € C no disk of finite radius can contain
zr A-a.a.k, so st4 — limsup, |z — 2| = 0o and B,(z) is the whole plane C,
whence

¢ = stg — core{z} # n B.(z) =C.
zeC

Now we give necessary and sufficient conditions on a matrix T so that
the Knopp core of T'z is contained in the A-statistical core of = for every
bounded complex number sequence x. Throughout the remainder of this
paper the set of bounded complex number sequence will be denoted by £,.

THEOREM 7. If the matriz T satisfies

oo
sup 3 [tm] < oo,
" k=1
then K — core{Tz} C sta — core{z} for every z € £ if and only if the
following conditions hold:
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() Tery, i.e., T is regular andlim,, 3, ¢ g |tnk]| =0 whenever §4(E) =0;
(i) limp 3752 [tnkl = 1. _
Proof. (Necessity). If z A-statistically convergent to L, then
stq — core{z} 2 K — core{Txz}.
Since Tz is bounded for all € £,,, we must have that
K —core{Tz} = {L},

so Tz is convergent to L. Now the Corollary 5.1 of Kolk [14] imply that T
is regular and lim, Y c g ltnx| = O whenever §4(E) = 0, i.e., condition (i)
holds. Also we have

K — core{Tz} C st4 — core{z} C K — core{z}.

Now Theorem 2.1 of [15] for the case & = 1 and K = C implies that
limsup,, Yy ; [tnk| < 1, and this is equivalent to lim, Y po; |tax| = 1 be-
cause T is regular. This proves the necessity of (i) and (ii).

(Sufficiency). Assume (i) and (ii) and let w € K — core{Tz}. For any
z € C we have

(3) lw — z| < limsup |z — (T'z)n)

n

= limsup f:tnk(z —ZE) + z(l - itnk)l
k=1 k=1

n

[» o]
= limsup |z — Ztnkxkl
k=1

(= o] o0
< limsup Ztnk(z - :ck)| + lim sup |z||1 - Zt"kl
k=1 n k=1

n

n

o0
= limsup Ztnk(z - a:k)|.
k=1

Let r = sta — limsupy |zx — z|, suppose ¢ > 0, and let E =
{k:|z==zk| >+ €}. Then §4(E) = 0, and we write

I itnk(z - wk)| = I Z tak(z — k) + Z tnk(z — 7))
k=1

keE kgE

< Y ltarllz = 2kl + Y ltakllz — 24l
keE k¢E

<

sup |z — zi| D ltakl + (r+€) D Itakl-

keE kEE
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Now (i) and (ii) imply that

hmsupl Zt..k(z - zk)l <r+e
k=1

If follow from (3) that |w — z| < r + ¢; and since ¢ is arbitrary this yields
jw — 2z} < r. Hence, w € B;(z), so by Theorem 6 we get w € st4 — core{z}.
Hence the proof is completed.

Since st4 — core{z} C K — core{z} we have the following corollaxy

COROLLARY 2. If the matriz T satisfies sup, Y .., |tnk| < 0o and pro-
perties (i) and (ii) of Theorem 7, then

sta — core{Tz} C sty — core{z}
for every z € .

We will now show that the converse of Corollary 2 is not true but we
first need the following lemma.

LEMMAA 1. If z and y are sequences such that z, = yi for A-a.a.k, then
ri= r,.

Proof. Let v € T4. Define K := {k € N : 2 = yi}. For every € > 0 the
set {k € K : |yr — 7| < €} does not have A-density zero. Since

{(keK:lye—vl<e} C{bkeN:|y—7<e},
it follows that for every € > 0 the set {k € N : |y — 7| < €} does not

have A-density zero. Hence v € l‘A By the symmetry we see that I‘AC l‘A
whence I'A= I‘A

EXAMPLE. Consider the matrix A = (a,x) defined by

an=41 ifk=n?+1,
nk 0, otherwise,
and define T = (t,x) so that (Tz), = z, A-a.a.k. By Lemma 1 the A-
statistical cluster points of T'z are the same as those of z, so st 4 —core{T'z} =
stq — care{z}. Now define

1, if k < n and n is a square,

1, if k =n and n is a nonsquare,

tnk = {
0, otherwise;

then

(Tz)n = z,.i,‘ if n is a nonsquare,
" Y k=1Zk, if nis a square.
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For the matrix T = (tnk),

i o] 1, if n is a nonsquare,
Kl = e s
= " n, if nis a square.

Observe that sup,, Y1~ ltnk| = 00. Also, it is clear that lim, Y o | [tnk/ in
(ii) does not exist. If the set E := {k=n%:n =1,2,...}, then 64(E) = 0.
Since :

0, if n is a nonsquare,
> teosl = {

= vn, if nis a square,

lim, 3°72 ; |tnk| in (i) does not exist.
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References

[1] R.C. Buck, Generalized asymptotic density, Amer. J. Math. 75 (1953), 335-346.
{21 J. Connor, The statistical and strong p-Cesdro convergence of sequences, Analysis
8 (1988), 47-63.
[3] J. Connor, On strong matriz summability with respect to a modulus and statistical
convergence, Canad. Math. Bull. 32 (1989), 194-198.
[4] J. Connor, Two valued measures and summability, Analysis 10 (1990), 373-385.
[5] J.Connorand J. Kline, On statistical limit points and the consistency of statistical
. convergence, J. Math. Anal. Appl. 197 (1996), 392-399.
[6] H. Fast, Sur la convergence statistiqgue, Collog. Math. 2 (1951), 241-244.
[7] A.R.Freedman and J. J. Sember, Densities and summability, Pacific J. Math.
95 (1981), 293-305.
[8] J. A. Fridy, On statistical convergence, Analysis 5 (1985), 301-313.
[9] J. A.Fridy, Statistical limit points, Proc. Amer. Math. Soc. 118 (1993), 1187-1192.
f10] J. A. Fridy and C. Orhan, Statistical limit superior and limit inferior, Proc.
-Amer. Math. Soc. 125 (1997), 3625-3631. -
[11] J. A. Fridy and C. Orhan, Statistical core theorems, J. Math. Anal. Appl. 208
(1997), 520-527.
[12] H. Halberstem and K. F. Roth, Sequences, Springer-Verlag, New-York, 1983.
[13] G. Hardy, Divergent Series, Oxford Univ. Press, London, 1949.
[14] E. Kolk, Matriz summability of statistically convergent sequences, Analysis 13
(1993), 77-83.
(15} P. N. Natarajan, On the core of a sequence over valued fields, J. Indian Math.
Soc. 55 (1990), 189-198.
{16} I. Niven and H. S. Zuckerman, An Introduction to the Theory of Numbers, 4th
Ed., John Wiley and Sons, New-York, 1980.



A-statistical core of a sequence 353

{17} L J. Schoenberg, The integrability of certain functions and related summability
methods, Amer. Math. Montly 66 (1959), 361-375.

[18] A. A. Shcerbakov, Kernels of sequences of complex numbers and their regular
transformations, Math. Notes 22 (1977), 948-953.

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCES AND ARTS
KIRIKKALE UNIVERSITY

71450 KIRIKKALE-TURKEY

Received March 24, 1999; revised version November 18, 1999.






