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1 | INTRODUCTION AND THE MAIN RESULTS

Let —co < a < b < 0. Denote by M*(a, b) the set of all non-negative measurable functions on (a, b) and M (a, b) is the
class of non-decreasing elements of M+ (a, b).

In the operator theory, weighted inequalities involving operator composition may be found in various topics. Let 0 <
g,r < o and 1 < p < . The validity of inequalities
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1
r
- r
q

p

wx)dx| < C</°° h(x)Pv(x)dx> , (1.2)
0

I < /th@ds)"u@dt

for all h € M (0, oo) are crucial because many classical inequalities can be reduced to them. For example, duality tech-
niques reduce the embeddings between Lorentz, Morrey, and Cesaro-type spaces to the weighted iterated inequalities
(e.g., [3, 4, 6, 8, 33]). On the other hand, characterizations of weighted bilinear Hardy and Copson inequalities reduce to
the characterizations of iterated Hardy inequalities (see, e.g., [1, 22, 32]).

Various approaches have been used to handle inequalities (1.1) and (1.2), resulting in different conditions. Inequality
(1.1) is investigated thoroughly. The most recent results are presented in the paper [19]. Alternative characterizations of
inequalities (1.1) and (1.2) are found in [18]. Detailed information on the development and history of this inequality may
be found in the recent paper [5].

Note that, when g = 1 using Fubini’s Theorem, inequality (1.2) reduces to the weighted Hardy-type inequality involving
kernel, that is,

1

( / i < / < / “(f)df>h(8)dS> w(x)dx>r < c( / ooh(x)pv(x)dx>p, h € M*(0, o). (1.3)
0 0 s 0

Inequality (1.3) was completely characterized in [2, 25, 27, 31] when 1 < r, p < oo. However, for a long period, there was no
adequate characterization in the case when 0 < r < 1 < p < 0. Several attempts have been made to tackle this case (e.g.,
[13, 25, 29, 32]); in some works, necessary and sufficient conditions did not match, while characterization had a discrete
form or involved auxiliary functions in others. Hence, it was not easily verifiable. Finally, in [21], the missing integral
conditions were provided.

In the general cases, Equation (1.2) is characterized in [7], but the conditions are non-standard. It was also considered in
[29], but the conditions are not applicable because they involve auxiliary functions. Recently, in [23], a more complicated
discretization method has been used to characterize the same inequality that involves iteration of the Copson operators
and is restricted to non-degenerate weights, and the case p = 1 is presented without a proof. In our approach, the case
p > 1isnot separated from p = 1.

Recently, in [5], with a new and simpler discretization technique that requires neither parameter restrictions nor non-
degeneracy conditions, the characterization of Equation (1.1) is given. We adapt this approach to the specific demands of
the inequality considered in this paper. Our technique allows us to obtain a scale of characterization which was impossible
before; moreover, we obtain the previous characterizations of inequality (1.2) as a special case (more, precisely for § = 0,
see Theorem 1.1).

We would like to point out that the characterization of Hardy inequality involving non-decreasing functions, that is,

o0 X q é o %
</ </ f(s)u(s)ds) w(x)dx> < C(/ f(x)pv(x)dx> , feMmo, ), (1.4)
0 0 0

is obtained directly from inequality (1.2) without any further work (see the proof of Theorem 1.2) as a direct outcome of
our main theorem (see Theorem 1.1).

We should also mention that in [11, 12], using reduction techniques, inequality (1.4) is reduced to inequality (1.3).
However, as we have already mentioned, the characterizations of the reduced inequalities were not known at that point
in time. Corollary 3.2 from [12] characterizes inequality (1.4), but the result is non-standard. The earlier works on inequality
(1.4) can be found in [13, 14, 16, 26].

We should note that Theorem 1.1 allowed us to give a scale of characterizations of (1.4), and we would like to provide
the characterization here to integrate all relevant parameter choices into a single theorem for the reader’s convenience
(see Theorem 1.2).

Asone can see in Section 3, the discretization method transforms the inequality at hand equivalently to discrete inequal-
ities that involve local characterizations of inequalities having low-order iterations. For this very reason, our aim in this
paper is to revisit inequality (1.2) on (a, b), where —co < a < b < .
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Let —o0 < a < b < 0 and weight be a positive, measurable function on (a, b). The principal goal of this study is to
determine the scale of necessary and sufficient conditions on weights u, v, w on (a, b) for which

/b /x </tf(s)ds>qu(t)dt

holds for f € M*(a, b), with exponents 1 < p < coand 0 < g,r < oo. It is worth noting that if p < 1, inequality (1.5) only
holds for trivial functions.

Let us first review the essential notations and conventions before presenting our main results. The left and right sides
of the inequality numbered by () are denoted by LHS(*) and RHS(x), respectively. We put 0.co = c0o/c0 = 0/0 = 0. The
symbol A < B means a constant ¢ > 0 exists such that A < cB, where c depends only on the parameters p, g, and r. If both
A < BandB < A, then we write A ~ B.

For 1 < p < o, non-negative measurable functions v and w on (a, b), and x, y € [a, b], denote by

r
_ r

q

b P
wx)dx| < C(/ f(x)Pv(x)dx> (1.5)

p-1

o\ P
[iv e , 1<p<oo,
. X
Vp(x,y) i=

esssupu(s)™!, p=1,
s€(x.y)

(1.6)

and
b
Wx) = / w(s)ds.

Now, we are ready to formulate our main results.

Theorem 1.1. Let1 < p < 00,0<q,r < 00, —0 < 8 < 1 and let u,v,w be weights on (a, b) such that 0 < W(t) < oo for
allt € (a,b). Then, inequality (1.5) holds for all f € M™*(a, b) if and only if

i p<r,p<qand

r

b t 8q q
C, :=esssup / w(t)Pw(t) / Wru ) dt]| Vp(a,x) < co. 1.7)
x€(a,b) x x
Moreover, the best constant C in inequality (1.5) satisfies C ~ C;.
(i) r<p<g,
por
rp r
b a=pp _, X Ba O\ a0 £ ’
C, .= W(x) r w(x)esssup </ Wr u) Vpla,0)prrdx < o0,
a te(a,x) t
and
por
roy— r pr
b b S s \a |7 X pg \4 i
C; = / / W(s)‘ﬁw(s)</ Wr u> ds W(x)Pw(x) ess sup </ Wr u> Vp(a, t)prdx < oo.
a x x te(a,x) t

(1.8)

Moreover, the best constant C in inequality (1.5) satisfies C ~ C, + Cs.

85U8017 SUOWILIOD BAIIERID 8|qedl|dde ay) Aq peusenob afe sejone VO ‘@SN Jo SN 10} ARiqiT8uluO A8]IM UO (SUONIPUCD-pUe-SLUe) 0D A8 | 1M ATelq 1 [BU1|UO//:SANY) SUORIPUOD Pue WS | 8U} 88S *[5202/90/.2] uo AriqiTauluo Aeim ‘AiseAlun 3 LI A 20000202 BUeW/Z00T OT/I0P/W00™ A8 1M AReid 1 |euluoy//Sdiy Wwoly papeojumod ‘6 ‘20 ‘9T9222ST



3384 %ﬁgﬁ{&]ﬁéﬁ’g‘%ﬁHE GOGATISHVILI and UNVER
[NACHRICHTEN |

(iii) g< p <r,C; < o0 and

R B
C,:= sup W(x) r / </ W r u>
x€(a,b) a t

where C; is defined in Equation (1.7). Moreover, the best constant C in inequality (1.5) satisfies C ~ Cy + Cy.
(iv) r<p,q<p,C; < o0and

p—q

q
E gq pq pa
W(e) » u(®)V p(a, t)r-adt < 00,

£ q(p—r)
o

b a=pp _, x X pq q Bg b
Cs := W(x) w(x) / </ wr u) W() r u()V p(a, t)r-adt dx < 00,
a t

a

where Cj is defined in Equation (1.8). Moreover, the best constant C in inequality (1.5) satisfies C = C3 + Cs.

Theorem 1.2. Let 0 < p,q < o0, —0 < f§ < 1 and u, v, w be weights on (a, b) such that 0 < W(t) < oo forall t € (a,b).
Then, inequality

b x q é b %
</ </ f(s)u(s)ds) w(x)dx> < C(/ f(x)Pv(x)dx> (1.9)
holds for all f € MM (a, b) if and only if

() p<gp<land

b tog\? )¢ b \ »
C, :=esssup / W) PFw(t) / Wau | dt / v < oo. (1.10)
x€(a,b) | /x X X

Moreover, the best constant C in inequality (1.9) satisfies C = C;.
(i) g<p=<1

Pq 1 rq

b =g _, X B\ pg b p—aq
C, = W(x) P4 w(x)esssup </ un> / v dx < 00,
a te(a,x) t t

and

4
—

b b s g N4 q X
C; = / (/ W(s)Pw(s) (/ WEu) ds) W(x) Pw(x) e[ss(sug) </ w
a X X e(a,x t

< ™

N
N————
=]
VRS
»\
S

<
N~
b~}
<

Q.

=

A

8

Moreover, the best constant C in inequality (1.9) satisfies C =~ C; + C;.
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(iii) 1< p<q,C; < 0and

p-1
1 _L P
el pX X BN B b\
Cy := sup W(x) ¢ / (/ Wi u> W(t)au(t) / v dt < 00,
x€(a,b) a t t

where Cy is defined in Equation (1.10). Moreover, the best constant C in inequality (1.9) satisfies C ~ C; + Cy.
(iv) g<p,1<p, C;3<o0and

q(p—1) rq
= pP—q

b a-pp x x B ,ﬁ 4 b p-1
Cs := W raw(x) / </ un> W(t)au(t) / v dt dx < o0,
a a t t

where C; is defined in Equation (1.11). Moreover, the best constant C in inequality (1.9) satisfies C ~ C3 + Cs.

Proofs of Theorems 1.1 and 1.2 will be given in Section 4.

2 | PRELIMINARY RESULTS

In this section, we cover the foundations of discretization and several new results that will be employed frequently
throughout the proof of the main theorem.

Definition2.1. LetN € ZU {—o0}, M € eZ U {+o0}, N < M, and {ak}iiN be a sequence of positive numbers. We say that
{ak}ﬁi v 18 geometrically decreasing if

a
sup kH, N<k<M;<l
A

Lemma 2.2 ([9]). Leta > 0andn € Z U {—oo}. If {7 }}7  is a geometrically decreasing sequence, then,

sup rkZaim sup TiQg, 2.1)

n<k<oo i=n n<k<oo

o0 k “ 00
Z Tk<2 ai> ~ z Tray, (2.2)
k=n

k=n i=n
and
[Se] (o]
Z T Sup a; ~ 2 Ty Ay, (2.3)
k=n  n<isk k=n

for all non-negative sequences {a;};"_ .
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Lemma 2.3. Let a > 0 and n € Z U {—oo}. Assume that {x;},. C (a,b) is a strictly increasing sequence. If {t;.};? L isa
geometrically decreasing sequence, then,

Xk Xk
sup Tk</ g> X sup Tk</ g), (2.4)
n+1<k<oo Xp n+1<k<oo Xk—1
o0 xk a (o] xk a
> m(/ g) > rk(/ g) : (2.5)
k=n+1 X k=n+1 Xk—1

n

and

2 T esssup g(s) ~ Z T, esssup g(s), (2.6)

k=n+1  S€(nXk) k=n+1  SEXk—_1,Xk)

for all non-negative measurable g on (a, b).
Proof. For each n € Z U {—c0}, we can write

[=2 )

n i=n+1

Then, Equations (2.4) and (2.5) are direct consequences of Equations (2.1) and (2.2), respectively.
Similarly, for each n € Z U {—0}, we have

esssup g(s) = sup esssup g(s),

s€(x,,xk) n+1<i<k se(x;_1,%;)
so that applying Equation (2.3), we obtain Equation (2.6). O

Lemma 2.4. Let a > 0 and n € Z U {—o0}. Assume that {xk}l‘f:n C (a, b) is a strictly increasing sequence, {Tk};f:n s isa
geometrically decreasing sequence, and {o}.},7_ is a positive non-decreasing sequence. Then

a a
Xk Xk
sup T sup / g) o= sup 1 / g ) ok 2.7
n+l1<k<oco  n<i<k X; n+1<k<oco Xk—1

and

Xk a 0 Xk a
5 e ([ ) o £ ([ 5) o
k=n+1 nSi<k k=n+1 Xg-1

hold for all non-negative measurable g on (a, b).

Proof. Let us start with the equivalency (2.7). Since {7, ;7 , is a geometrically decreasing sequence, interchanging

supremum and Equation (2.4) give
Xk « Xk a
LHS(2.7) = sup o; sup 7 / g] = sup o; Sup Tk / g .
X n+1<i<oo i+1<k<co Xp—1

n+1<i<oo  i+1<k<oo i
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Interchanging supremum once again and monotonicity of {0} };? = results in

n<i<k-1

a
Xk
LHS(2.7) » sup 7 / g sup o; = RHS(2.7).
n+1<k<oo X

k-1
Let us now tackle Equation (2.8). Monotonicity of {0} };”  gives that
Xj+1 °° k=1 1 rxjp :
LHS(2.8) < 2 T) sup <Z / ) Tk<Za]’?‘/ g> .
k=n+1 n<i<k k=n+1 j=n Xj
Then, using Equation (2.2), we have the following upper estimate:

LHS(2.8) < Z rk<

k=n+1

Y o of / > ~ RHS(2.8).

Jj=n+1

On the other hand, the reverse estimate is clear, and the proof is complete. O
Definition 2.5. Let w be a non-negative measurable function on (a, b) such that 0 < W(t) < oo forall ¢t € (a, b). A strictly
increasing sequence {xk},‘f’:N C [a, b] is said to be a discretizing sequence of the function W, if it satisfies W(x;) =~ 27K,
N <k <00.If N > —co then xy := a, otherwise x_, :=lim,_,_, x; = a.

Remark 2.6. Let w be a non-negative measurable function on (a, b) such that 0 < W(¢) < oo for all t € (a, b). The Dar-

boux property of continuous functions implies that the discretizing sequence exists for W. We can define the discretizing
sequence in the following way:

N =sup {k €Z : 27 >wW(t) forevery t € (a,b)}.
If the set is empty then N = —o0. If lim,_, ,,. W(¢) < o0, then N > —o0 and xy = a and for k > N
X, = sup {t e(a,b) : 27k < W(t)}.

It is worth noting that if N = —oco, then N + 1 is also —oo.

Lemma 2.7. Leta > 0and N € Z U {—o0}. Assume that w is a weight on (a, b) such that 0 < W(t) < oo forall t € (a, b),
and {x; }2_ is a discretizing sequence of the function W. Then foranyn : N < n,

b 0
/ W wh()dx & Y 27 h(x,) (2.9)
Xp k=n+1
and
esssup W(x)*h(x) ~ sup 27%h(x;) (2.10)
x€(xy,b) n+1<k

hold for all non-negative and non-decreasing h on (a, b).
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Proof. Monotonicity of h and properties of the discretizing sequence {x;},> , yield

LHS(2.9) = ) ' hCOW)* w()dx S ) h(xi) / ' dl-Wx) 1~ Y 27%h(x,) = RHS(2.9),
k=n+1"* Xk-1 k=n+1 Xk—1 k=n+1
and, conversely
LHS(2.9) > )’ / - hCOWE) Tw(x)dx 2 Y, h(x) / kﬂd[—W(x)“]z Y 27%h(x,) = RHS(2.9).
1Y Xk Xk

k=n+ k=n+1 k=n+1

Thus, Equation (2.9) holds.
On the other hand, similarly,

LHS(2.10) = sup esssup W(x)*h(x)~ sup 27K esssup h(x) = RHS(2.10)

n+1<k<oo x&(xy_1,Xk) n+1<k<oo x€(Xg—_1,Xk)
holds. u

Theorem 2.8 ([10, Theorem 4.5]). Let p,q € (0,00), N,M € Z U{—00, 00}, N < M. Assume that {w;}," , and {v;}}"  be
two sequences of positive real numbers. Then, inequality

1 1
M q M )
(Z aZvZ) < C(Z afwf) (2.11)
k= k=N
holds for every sequence {ak}»i’f= v 0f non-negative real numbers if and only if either

(i) p<qand

Ly = sup {yw'} < oo,
N<k<M

or
(ii) p>qand

u
M pa _Pa\ pg
L2:<z vlf_qwkp_q> < 0.
k=N
Moreover, if we denote by C the optimal embedding constant in Equation (2.11), then

L, incase (i),
C={1 (i)

L, in case (ii).

Theorem 2.9 ([10, Theorem 4.6, 15, Theorem 9.2]). Assume that0 < p,q < oo, N,M € Z U {—00, 00}, N < M, {ak}]lyzN and
{bk}]{’: v are sequences of non-negative real numbers. Then, the inequality

M k q é M %
Z(inbi> ay §C<2x£> (212)

k=N \i=N k=N

holds for every sequence {xk}i’i v Of non-negative real numbers if and only if
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(i) eitherp <1, p <qand

H, = sup
N<k<M | \}

(ii) orqg < p <1land

(iii) or1 < p,q < pand

(iv) orl < p <qand

N<k<M

M
H4 = Sup (Z a;

i=k

< 00,
i=k
p—q
9 rq
P—q ar_
a; sup b’ < o
i p b; ;
N<i<k
—-q
4p=D\ pq

Moreover, if we denote by C the best constant in Equation (2.12), then

in case (i),
in case (ii),
in case (iii),

in case (iv).

Moreover, the multiplicative constants in all the equivalences above depend only on p, q.

3 | DISCRETE CHARACTERIZATION

We begin this section by observing that inequality (1.5) is equivalent to two other discrete inequalities, and we present the
characterization in discrete form, which is noteworthy on its own.
Let us start with the discretization of inequality (1.5). To this end we need the following notation, denote by M (x;._1, X))

the best constant of weighted Hardy inequality, that is,

(

L (f h(s)ds)qu(t)dt> ’

Xk—1

B(xp_1,x) 1= sup
heM+(xy—1,Xk)

1

(/2 n@roode)?

k-1
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and using the classical characterizations of weighted Hardy inequalities (see, [20, 30]), we have for 1 < p < 00,0 < g < o©
( 1
Xk E

ess sup </ u> Vp(Xj—1,1) if p<g,
te(xp_1,x) \Jt
B(Xp_1, %) ~ 1 r 3.1)

q
- - pq

Xk Xk q pq
/ </ u> u(t)V ,(xp—1,t)padt if g<p.
Xk—1 t

Furthermore, observe that V,(x;_y, xx), N + 1 < k defined in Equation (1.6) can be expressed as

\

/5 s@adt
sup T = Vp(Xk—1, Xp).

8EMF (Xp—1,xx) >
(1 swpode)?

Xk

Lemma3.1. Let1 < p < 00,0 < gq,r < oo and let u, v, w be weights on (a, b) such that 0 < W(t) < oo forallt € (a,b), and
{xi by C la, b]is a discretizing sequence of the function W. Then, there exists a positive constant C such that inequality (1.5)
holds for all f € Mt (a, b) if and only if there exist positive constants C' and C" such that

~ 1=

[os)

Xk t q 2 0 Xk p
27k (t)d <c p > (3.2)
k=;+1 /xk—l ('/Xk—1 f) Hod <k=§+1 /xk—l f ’

and

1
r 1

5] ()

hold for all f € M™*(a, b). Moreover, C ~ C' + C".

q
Proof. Applying Equation (2.9) with @ = 1 and h(x) = < fax ( fat f ) u(t)dt) * we have that

~ =

r
q q

o) Xk t
LHS(1.5) = 27k < f) (t)dt
2L

Since, {27} is geometrically decreasing, using Equation (2.5), we obtain that

~ |

o)

Xk t q g
LHS(1.5) ~ 27k ( f> (t)dt
k=§+1 /Xkl /a “

ZALL o] | A 2 ()

Q1=
~ e

Q
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Then, it is clear that there exists a positive constant C such that inequality (1.5) holds for all f € IMM*(a,b) if and only
if there exist positive constants C’ and C” such that Equations (3.2) and (3.3) hold for all f € M*(a, b). Moreover, C ~
'+ O

Lemma 3.2. Let 1 <p < oo, 0<q,r < oo and let u,v be weights on (a,b). Assume that N € Z U {—oo} and {x;},7  is
a strictly increasing sequence in [a, b]. Then, there exists a positive constant C' such that inequality (3.2) holds for all f €
IM*(a, b) if and only if there exists a positive constant C' such that

1

sc’< D af)p (G4

k=N+1

~ =

< Z Z‘kal’c'B(xk_l, xk)’>

k=N+1

holds for every sequence of non-negative numbers {ai}y, +1- Moreover, the best constants C' and C’, respectively, in
Equations (3.2) and (3.4) satisfy C' =~ C’.

Proof. Assume that Equation (3.2) holds. By the definition of B(x)_;, X)), there exist non-negative measurable functions
hi, N +1 < k on (a, b) such that

Xk Xk
supphi € xvnd [ Ho=1 | [

. q q
(/ hk> u(t)de | 2 B(xg—_1, Xy
Xk—1 Xk—1 Xk—

1

1

Thus, inserting f = ano: N+1 Gmhm, Where {a,, }> is any sequence of non-negative numbers, into Equations (3.2) and
(3.4) follows. Moreover, C’ < C'.

Conversely, observe first that for each h € M+ (x;_;, Xi),

Xk
B(xk—l’ xk) 2 /

t q é Xk _Ily
(/ h(s)ds) u(t)dt (/ h(t)Pv(t)dt> .
Xk—1 X Xk—

k-1 1

=N+1

1
Then, Equation (3.2) follows by, inserting a; = ( /x):‘ X hPv)P in Equation (3.4) and C' < C’. Further,we have ¢’ ~ C'. [J

Lemma 3.3. Let 1 < p < oo, 0<gq,r <ooand let u,v be weights on (a,b). Assume that N € Z U {—oco} and {x;}}? , is
a strictly increasing sequence in [a, b]. Then, there exists a positive constant C" such that inequality (3.3) holds for all f €
M+ (a, b) if and only if there exists a positive constant C'' such that

r)r 1

i X1 k i P
2 2"‘(/ u) < a; Vp(xj_l,xj)) < C”< 2 ai’) (3.5)
k=N+1 X j=N+1 k=N+1

holds for every sequence of non-negative numbers {a;}y; +1- Moreover, the best constants C" and C", respectively, in
Equations (3.3) and (3.5) satisfy C" ~ C".

1

ESl it

Proof. Suppose that Equation (3.3) holds for all f € IM*(a, b). Using Equation (3.5), there exist non-negative measurable
functions g, N + 1 < k on (x;_;, X;) such that

Xk Xk
supp gk C [Xk—1, Xi], / gv=1, / 8k 2V p(Xp—1, Xp)-

Xk—1 Xk—1

Thus, inserting f = ZomozN +1 @m&m> Where {a,} is any sequence of non-negative numbers, into Equations (3.3),

(3.5) follows. Moreover, C"” < C” holds.

o0
m=N+1
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1
Conversely, taking a; = ( /x);k ) fPv)P in Equation (3.5) and using the estimate

1

Xk Xk ;
V(s X0) 2 / F(oydt / FOPu(dr
Xk-1 Xk—1
gives Equation (3.3). Additionally, C" < C” holds. Consequently C" ~ C"’ follows. O
Theorem 3.4. Let1 < p<o00,0<g,r < o0, —00 < f <1and let u,v,w be weights on (a, b) such that 0 < W(t) < oo for
allt € (a,b), and {x; }7? , 4 be the discretizing sequence of W. Then, inequality (3.4) holds for every sequence of non-negative

numbers {a,}? ., if and only if

i p<r,p<qand

1

k(=) X g \a
Aj = sup 2 r esssup / Wru) Vy(xp_i,t) < oo,
N+1<k<oo te(xp_1,Xk) t
(ii) r<p<qand

—r

o0 X, pr _r

—k(1-B)-2 k— pq a(p=r) P
Ay 1= Z 2 ﬁ)P—V ess sup </ Wru Vp(xk_l,t)P—r < 00,
k=N+1 re(xXp_1,X) t

(iii) g < p <rand

_k(-p) Xk *k pg
A= sup 2 - / </ wr u>
N+1<k<oo Xk—1 t

(iv) r<p,q<pand

[s] X, X
—k(1-p) 2 ke e Ba
Ay i= Z PN / </ W u)
k=N+1 Xk—1 t

Moreover, the best constant C' in inequality (3.4) satisfies

P
4 pq
—

q Ba Pq
W(t) r u(O)V p(xp—q,t) P2 dt < 00,

—r
rip=q) \ pr

-+ (1)

p g q(p

q Bq P9
W()  u()V p(xy—q,t)P-adt < oo.

A, incase (i),
o A, incase (ii),
Az in case (iii),

Ay incase (iv).

Proof. The result follows easily by combining Theorem 2.8 for suitable parameters and weights with Equation (3.1) and
the fact that W(t) ~ 27, for every t € [x;_y, Xi]. ]

Theorem 3.5. Let1 < p < o0,0< q,7 < 00, —0 < f3 <1 and let u,v,w be weights on (a, b) such that 0 < W(t) < oo for
allt € (a,b), and {x;}? | be the discretizing sequence of W. Then, inequality (3.5) holds for every sequence of non-negative
numbers{ay};? ., if and only if
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(i) p<rand
1
g r

N+1<k<oo i=k i

e ) Xi+1 Bq
B := sup Z 2-1(1-R) / Wru Vp(a,xk) < 00,
-

(ii) r < pand

r
p—r

00 Xe+1 Bq q| o ) Xi+1 Bq q pr
B, = Z 2~k(=R) /x Wru z}; 2~i0-8) /x Wru V,(a,x;)rr < 0.
i= i

k=N+1 k i

Moreover, the best constant C"' in inequality (3.5) satisfies

o - {61 in case (i),

B, in case (ii).

r

Proof. We will apply Theorem 2.9 with suitable parameters and weights aq; = 2% < /x):‘“ u) " and by, = V p(Xk—1, Xp)-

o0

We need to treat the cases when p > 1 and p = 1, separately. Note that when p > 1, since {x; };
sequence of W, we have foreach k : N + 1 < k that

~ N+ Is the discretizing

- - - [ L pt
Y Vit = ¥ [ o mids=vyax)
Xi-1

i=N+1 i=N+1

Thus, applying [Theorem 2.9, (iv)] when 1 < p < r and [Theorem 2.9, (iii)] when 1 < p,r < p, the result follows.
On the other hand, if p = 1, foreachk : N +1 <k,

sup Vi(xi_1,x;) = sup esssup v(s)~!=Vi(a,xp).
N+1<i<k N+1<i<k se(x;_1,x;)

Therefore, applying [Theorem 2.9, (ii)] when r < p = 1, we have C” ~ B,.
Lastly, if p = 1 < r, then applying [Theorem 2.9, (i)], and the fact that W(t) ~ 27/, for every t € [x;, X;,1] we have

~ |
~ I

LSl

o ) Xi+1 q 0 ) Xi+1 g
C"~ sup Z 27t / u Vi(Xk_1,X) ~  sup Z 2710-6) Wru Vi(Xk_1, Xi)-
Xi Xi

N+1<k<oco i=k N+1<k<oo i=k

Finally, interchanging supremum yields that

1
r

0 ) Xit1 Bg E
C"~ sup Vi(Xx_1,Xx) sup 22‘1(1_/3) Wru
Xi

N+1<k<oo k<m<eo | =

0 ) Xit1 B q
= sup Z 27i0-R) Wru sup  Vi(xp_1,xr) = Bi.
Xi

N+1<m<oo | =)y N+1<k<m
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We can formulate the discrete characterization of inequality (1.5).

Theorem 3.6. Let1 < p < 0,0 < q,r < oo and let u,v, w be weights on (a, b) such that 0 < W(t) < oo forall t € (a,b),
and {x;}° ., be the discretizing sequence of W. Then, inequality (1.5) holds for all f € M+ (a,b) if and only if

() p<r,p<qand A; + B; < oo,
(ii) r<p<qgand A, + B, < o0,
(iii) g < p <rand A; + B; < o,
(iv) r<p,g<pand Ay + B, < o0.

Moreover, the best constant C in Equation (1.5) satisfies

A1+ By incase (i),

A, + B, incase (ii),
Az + By in case (iii),
A4+ B, incase (iv).

Proof. According to Lemmas [3.1-3.3], inequality (1.5) holds if and only if inequalities (3.4) and (3.5) hold. Moreover, the
best constant C in Equation (1.5) satisfies C ~ C’ + C", where C’ and C”’ are the best constants in inequalities (3.4) and
(3.5), respectively. The result follows from the combination of Theorems 3.4 and 3.5. O

4 | PROOFS
Proof of Theorem 1.1.

(i) Let1 < p < min{r, q}. We have from [Theorem 3.6, (i)] that C ~ A; + B;. We will prove that C; ~ A, + B;. First, we
will show that A, + By =% A; + B, where

1

_k(1=p) Y Bg \aq

Ay = sup 2 r esssup </ wr u> Vy(a,1).
N+1<k re(a,xi) t

Itis clear that A; < A;. On the other hand, observe that

_ k(-p) Yk Bg \q
A= sup 2 - sup  esssup / Wru) Vy(a,t)
N+1<k N+1<i<k te(x;_1,x;) t

1 1
_k(1-p) Xi pg q _k(-p) Xk g q
A sup 2 - sup esssup </ wr u) Vp(a,t)+ sup 2 sup / Wru | Vp(a, xp).
t X

N+1<k N+1<i<k te(x;_1,x;) N+2<k N+1<i<k

Then, interchanging the supremum in the first term and applying Equation (2.7) withn = N + 2, for the second term,
we have that

1
_ka-p) *k g \a ) Yk g \14
A= sup 2 r  esssup </ Wru> Vp(a,t)+ sup 2 - / Wru ) Vp(a,xg_1)-
t Xk—1

N+1<k te(xg—1,Xk) N+2<k
Note that, for any k > N + 2, we have

Vpla,t) # Vp(a, xg_1) + Vy(xp_1,t), forevery t € (xp_y,xp) 4.1)
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Then, in view of Equation (4.1),

1 1

_k(-p) Xk pg \ q _k(-p) Yk g \4

Ay~ sup 2 r esssup / Wru) Vy(xp_i,t)+ sup 2 r / Wru ) Vy(a, xi_1)
N+1<k te(Xg_1,xk) t N+2<k Xik—1

< Ay + By

Then, we have that A1 + Bl < A1 + Bl S Al + Bl'
It remains to show that A; + B; ~ C;. Applying Equation (2.10) with o = ﬂ,
.

1 1
b r X B 5
A, ~ esssup / w ess sup (/ wWr u) Vp(a,t)
x€(a,b) X te(a,x) t

holds, and interchanging supremum gives that

1-B

b e X g p
A; = esssupV(a,t)esssup / w / Wru
te(a,b) x€(t,b) X t

b s q g r
<esssupVp(a,t) / W(s)_ﬁw(s)</ Wﬁ7u> ds| =0Cj. (4.2)
t t

te(a,b)

On the other hand, applying Equation (2.9) with « = 1 — 3, then using Equation (2.5) with n = k, we obtain for any
k > N that

r

b -8 s Bq q 0 ) Xi B q 0 ) Xit1 B q
/ W(s) "w(s) / Wru| ds~ Z i) / Wru zZz—lﬂ—ﬁ) / wWrul . (4.3)
Xk x i=k+1 Xy i=k X;

k

Therefore, in view of Equation (4.3),

1

r

b S pq q
By~ sup /W(s)‘ﬁw(s) /WTu ds| Vy(a,xi)
N+1<k X, Xk

k

b s Bq Z
< sup esssup / W(s)‘ﬁw(s)</ W7u> qu Vy(a,t) =Cy. (4.4)
t

N+1<k te(xp_1 x;) |/t

Thus, combining Equation (4.2) with Equation (4.4), we have that A; + B; < C;.
Conversely, using Equation (4.1), we have

b N B q
C; = sup /W(s)_ﬁw(s) /Wru ds| Vp(Xp—1, 1)
X

N+1<k | Jx, X

1

_k1=p) M g \a
+ sup 2 r  esssup (/ Wru) Vp(Xg—1, 1)
t

N+1<k te(Xg_1,xx)
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+ sup esssup
N+1<k te(x_1,xk)

b s
+ sup / W(s)Pw(s) /
N+2<k | Jxg Xk—1

Then, using Equation (4.3), we arrive at

_k(-p)
Ci, < sup 2 r  esssup (/ Wru)
N+1<k te(Xg_1,xk)
<A+ B;.

Xie 5 pg q
W(s)F < wr ) d
: (s)"Pw(s) /t u S

0 ) Xit+1 Bq
V,(a,t)+ sup 22_1(1‘5) / Wru
N+1<k| =k X;

1
’ —-
r

Vp(xk—l 5 t)

1

r

g q
Wru | ds| Vp(a,xg_1)

1
r

SR

V(a, xi)

(4.5)

As a result, we arrive at the conclusion that the best constant C in Equation (1.5) satisfies C ~ C;.
(ii) Letr < p < q. Then, we have from [Theorem 3.6, (ii)] that the best constant in Equation (1.5) satisfies C ~ A, + B,.

We will start by showing that A, + B3, = A, + B,, where

I

k=N+1

A2 =

and

0 Xk+1 Bq q
By:=| ) 271-H / Wru Z 2"
k=N+1 Xk i=k+2

q(p ) br
= esssup (/ W > Vy(a,t)rr
te(a,xy)

We have A, < A, by the definitions of A, and A,. On the other hand,

a X (p—r) r
—k(1-8) -2 k1 g a(p pr
Bz ~ Bz + 2 2 ( ﬁ)p_r < wr u) Vp(a’ xk)p—r

k=N+1 Xe

k

[s9) X,
e e+l fq
i 3 2 ( ﬁ)P_,_< w2,
1 X,

k=N+

% x (1) r

—k(1—B) -2 k+2 Bq q(p pr

SB+| ) 2 ( f”p—r( W u> V(@ x )7
1 X,

k=N+ k

SBy +

e —k(l B2 Xk+2
Z p=r esssup
t

k=N+1 [G(a xk)

SBy+ A

holds, hence A, + B, S A, + B,.

pzr
- pr
I \p-r
Xit1 Ba q _pr
ia-4) Wru V,(a,x)pr (4.6)
P
pr pr
pr
E i'2 pr
q Xk+2 Bq q(p-r) pr
Wru Vp(a, x )
Xk+1
P
pr pr
—r
pr o
g\ a1 o |
Wru Vp(a,t)rr
4.7)
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Next, we will show that A, < A, + 3,. Observe that

pr

had —k(1—p) -2 Xk pg \ a(p-n
Ay = Z 2 pr sup  esssup </ wr u) Vp(a, t)rr
k=N+1 N+1<i<k te(x;_1,x;) t

Q

- k(1)L i gg a0 b
Z 2 p—r sup  esssup Wru Vpla, t)pr
k=N+1 N+1<i<k te(x;_1,x;) t

o X (1) v
—k(1—8) L k Bq q(p pr
+ Z 2 == sup </ wr u) Vp(a, x;)pr

k=N+2 N+1<i<k

Applying Equation (2.3) for the first term and Equation (2.8) for the second term, we obtain that

p-r
pr o

oo X, —_
—k(1—8) k  Bg \ a(p-n r
Ay & Z 2 a-p-= ess sup </ Wru) Vp(a, t)rr
t

k=N+1 re(xXg_1,Xk)

_pr
0 X, (p—r) r
—k(1—B) -2 ko Bq alp pr
+ Z 2 == </ W r u) Vpla, xg_q)Pr
Xk—1

k=N+2

pr
pr

Using Equation (4.1) we arrive at

p—r
pr pr

©0 Xk+1 q(p—r) pr

~k(1-p)-E= be =

Ay S A + Z 2 P-V( wr u) Vp(a, x)p S A, + B;.
k=N+1 X

MATHEMATISCHE
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Furthermore, it is clear from the definitions of 5, and B, that B, < 5,. Then, we have A, + B, S A, + ,, as well.

Consequently, C ~ A, + B, holds.
Next, we will prove that A, + B, = C, + Cs. First of all, applying Equation (2.9) with a = % and

pr

X g\ a-n b
h(x) = esssup </ W r u> Vpla,t)pr, x€(a,b),
t

te(a,x)

it is clear that

pr
b PR, X g \ @D N
Ay W(x) p w(x)esssup </ wr u) Vp(a, t)rdx = C,.
a te(a,x) t
On the other hand, using Equation (4.3),
E
- r pr

Xi+1 8q q o
Wru | Vi(a,x)er
Xk

§ Bq ; ! Fe+1 Ba q b
W(s)Bw(s) / Wru | ds| esssup < W'u> Vp(a,t)rr
X t

te(a,xy41)

0 b N 8 ;
B, ~ Z 2~k(1=F) / W(s)‘ﬁw(s)</ Wru ) ds
k=N+1

Xe+2 Xi+2

b

i 2-k(1-p)

k=N+1 Xi+2

IA

4.8
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-
r - pr
[N .
© X s\ ¢ B g\ o
~ Z W) Pw(x)dx / W(s)~ ﬁw(s)(/ Wru) ds esssup< Wru> Vp(a,t)e
k=N+1"Y X1 X2 Xie+2 te(a,xy41) t
X s z p—r x L
k+2 g q Bq q o
< W(x)Pw(x) / W(s)~ 5w(s)</ we u) ds| esssup </ W u) V,(a,t)rdx
k= N+1 Xi41 x te(a,x) t
<Cs. (4.9)

Combination of Equations (4.8) and (4.9) yield that A, + B, < C, + C;.

Conversely,
, o
© Xk b S gy § p-r X g i B
G = Z / / W(S)_ﬁw(s)</ wr u> ds| W(x)Pw(x)esssup </ wr u) V,(a,t)r dx
k=N+1Y X | /x x t€(a,x) t
L\~ r n
©0 X X s s 1 L x fa 3 o
~ Z / / W(s)‘ﬁw(s)</ Wru> ds| W) Pw(x)esssup </ wr u) V,(a,t)rdx
k=N+1x | /X x te(a,x) t
LN , s
s o 7 p x 5 7 o
+ / / W(s)~ 5w(s)(/ w u> ds| W(x)Pw(x)esssup </ w u) V,(a,t)rdx
k=N+1" X1 |/ Xk X t€(a,x) t

,
— r pr
p-r

0 Xy X s 5 ’; x 8 7 .
~ 2 / / W(s)Pw(s) </ wr u) ds| W(x)Pw(x)esssup </ wr u> Vy(a,t)rrdx
k=N+1" X} X x te(a,x) t

p—r
[+ b pr Xk Xk s q(;q) x 5 é B pr
+ Z / W(s)Pw(s)ds / (/ W u) W(x)Pw(x)esssup (/ wr u> V,(a,t)rdx
k=N+1 Xk Xi_1 x te(a,x) t
q x g 7 b
+ / / W(s)Pw(s) / Yu) ds W(x)Pw(x) esssup </ we u) Vy(a,t)rrdx
k=N+1"Y X1 Xy te(a,x) t
Since
b = .
—k(1-8)——
/ W(s)Pw(s)ds ~2 ( ﬁ)p—r,
X
p=r
r = r pr

—r

5 g q P X Bg q _pr
/ W(s)~ 5w(s)(/ v u> ds| W) Pw(x)esssup (/ W u> V,(a,t)p dx
X te(a,x) t

(o)
Cy =~ Z /
k=N+1

Xk—1
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- p-r

B q Xk
+ W(s) Bw(s) / ru | ds
k= N+1 Xk Xk Xk—1

= C3,1 + C3,2 + C3,3.

Note that

’
/Xk
Xk—1

In view of Equation (4.10), we get

W(x)Pw(x)esssup

te(a,x)

P

NACHRICHTEN

p—r

r pr

00 k(l 5)" q(p r) X Ba q _pr
+ 2 2 / (/ W ) W(x)Pw(x)esssup </ wr u> Vp(a, t)prdx
k=N+1 te(a,x) t

3399

* B \4q o
(/ Wru> Vp(a, t)prdx
t

Xk p—r D
</ w- ﬁw>p W(x) Pw(x)dx ~ </ W‘ﬁw) n 2 KRS
pe

(4.10)

pr
) X Xk pr Ba q(p r) b "
Cs;1 < 2 / ( W‘5w> W(x)Pw(x)esssup </ wr u> Vp(a, t)p—rdx
k=N+1"Xi—1 x te(a,x)
r o pr
Xk Xk = Bg \ a1 i
< Z / < W-ﬁw> W(x)Pw(x)dx ess sup (/ wr ) Vp(a,t)rr
k=N+1" Xk—1 x te(a,xy)
~ A2
and
pr
r pr
© - a-pr Xk £q q<p ) * B \«q o
C3, < Z 2 P W(x)Pw(x)ess sup </ wr ) </ Wr u) Vp(a, t)rdx
k=N+1 X1 t€(a,x) t
e pr
0 _i =B q(p—1) b 7
< Z 2 pr W(x)Pw(x)esssup </ W ) Vp(a,t)rrdx
k=N+1 X1 t€(ax)
p—r
kOB Xk Ba q(p a1 P
< 2 b / W(x)Pw(x)dx ess sup </ wr u> Vp(a, t)P r
k=N+1 Xk—1 te(a,xy)
pr
0 _k(l—ﬁ)P Bg q(p r)
& z 2 P oesssup </ wr u) Vp(a, t)P r
k=N+1 t€(axi)

I
>
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Furthermore, using Equation (4.10) once more,

p-r
- ~
r p=r
0 b 5 pg q pr
C33 5 Z 2~kQ-F) / W(s)Pw(s) / Wrul ds ess sup </ wr u) Vp(a, t)rr
k=N+1 X Xk te€(a,xy)
pr
L pr
r p—r r
o S pg \4 Mk g \a £
= Z 2~ k(A=F) / W(s) Fw(s) / ru | ds sup esssup </ W u> V,(a,t)rr
k=N+1 Xk N+1<i<k te(x;_1,x;) t
p—r
; p
r p-r r
S b 5 pq q i g q b
~ 2 2~ k(1=F) / W(s)Pw(s) / Wrul ds sup  esssup </ W u) Vp(a,0)er
k=N+1 Xk Xk N+1<i<k te(x;_1,X;) t
p—r
- o
r p-r r
) b s Bq q Xk Ba q _pr
+ Z 27 kA=p) / W(s) PFw(s) / Wru| ds sup / Wru | Vy(a,x)rr
k=N+2 Xk Xk N+1<i<k X;
=:1+11I.
Since, the sequence {ay}°  ,, with
T \or
b N B q
aj =: 27K0=F) / W(s)Pw(s) / Wru) ds
Xk Xk
is geometrically decreasing, Equation (2.3) yields that
p—r

r
—_— pr

L p—

S Bg q 2L
2 2—k(1-B) / W(s)Puw(s) / ru ) ds ess sup </ wr u> Vp(a,t)pr
kN1 Xk tE(Xg—1,XK)

Let y, € [x4_1,Xk], N + 1 < k be such that

£a 2
esssup </ Wr u> Vp(a, t)P r g W ru ) Vi(a,y)r.
tE€(Xk—1,%k)

QN
=
54

Then, we have

) g q Yk pq q pr
Is| X 24P / Wis)Fu(s) / T ) ds Wru ) Vylay)r
k=N+1 Xk Yk
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Thus, Equation (4.3) ensures that
p—r
5 =
I'\p-r r
1) 0o . Xit1 Bq q Xk Bq q _pr
Ig| ) 27 =Ry 27i0=H) Wru Wru | Vy(a,y)r
k=N+1 i=k x; Yk
por
. pr
I \p-r r
0 e ) Yitz g q Yik+1 Bq q _pr_
< 2—k(1—5) z 2—1(1—5) / Wru Wru Vp(a’yk)p—r
k=N+1 i=k Vi Yk

Moreover,

b

b b
2"‘%/ ws/ ws/ w2 kD N41<k.
x y

k k Xk—1

Asaresult, {y,}7 . | is a discretizing sequence of W, as well. This fact together with Equation (4.7) yield I < B,
Ay +B,.
On the other hand, applying Equation (2.8) with

r p-r
b N @ q ﬂ r
7 = 27KA=H) / W(s)Pw(s) / Wru| ds| , oc=Vy(ax)r, a=-,
Xk Xk q
gives
i pr
Y_ pr
r p-r r
o0 b N @ q X @ q pr
II~ Z 2~ k(1-F) / W(s) Pw(s) / Wru| ds / Wru | Vy(a,xp_1)r"

k=N+2 Xk Xk Xk—1

Lastly, using Equations (4.3) and (4.7), we obtain that
pr
= r g
(o] (o] ) Xit1 @ q X ﬁ_q q _pr
II~ Z 2~ kA=F) 22“(1‘5) / Wru / Wru ) Vy(a,xp_1)r"
k=N+2 i=k i Fh—1

<A, +B,.

Therefore,
C; S A, + B,. (4.11)

Finally, a combination of Equations (4.8) and (4.11) yield C, + C5 =~ A, + B,. Accordingly, the best constant C in
Equation (1.5) satisfies C ~ C, + C;.
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(iii) Let g < p <r. According to [Theorem 3.6, (iii)], the best constant in Equation (1.5) satisfies C ~ A3 + B;. We will
begin our proof by showing that A; + B; ~ A3 + B;, where

_ka-p) Xk Xk g
Az = sup 2 / (/ wr u)
N+1<k<oo a t

It is clear that A5 < Ajs, the proof of this part is complete if we show that A; < A3 + B;. Assume that max{A;, B;} <
co. Then,

pP—q

q
= . pq

q Ba _Pa
W(t) r u(®) Vy(a,t)r-ade

pq

Xk Xk ﬁ_q q B_q g
/ (/ Wr u> wW(t) r u(t)Vy(a,t)r-adt <o, k>N+1,
Xk—1 t

a9 pq
p—

holds. Also, for each t € [x;_;, x], kK > N + 1, we have

Xk g é Xie Y pq
</ WTu) Vy(a,t) S / </ W7u>
t t N

Therefore, we have

b~}
\Q

4
-

q Bq pq
W(s) r u(s) Vp(a,s)r-ads

1
Xk B E
lim </ wWr u> Vp(a,t) =0. (4.12)
t—>Xxp— ¢
In that case, integration by parts gives
p—q
g
Xk Xk pg \ pq Ba Pq
/ </ Wwr u) W) - u(®)Vy(a,t)p-ade
a t

b—q

1
Xk Xk Bq P—q pq pa ) Xe Bq q
/a ( : W r u> d[Vp(a,t)P—Q] + [grgl+ (-/z W r u> Vp(a,t)

Q

p=q , =
p £ Pq
k X; X gg \p4 pg 7| k-1 Xk pg \ P4 ki pq
~ Z / </ wr u> d[Vp(a,t)P—fJ] + Z / Wru / d[Vp(a,t)P—q]
i=N+1Xi-1 t i=N+1 Xi Xi-1
1
I i)'y
+ Jm /t ru p(a,0).
Moreover, Minkowski’s inequality with =~ > 1 yields that
p—q
2 P
) —_ )

P
p— k-1

k=1 Xk pq a X pq k=1 xjp1 pq p—q  pX pq
> (/ W7u> / d[Vp(a,t)P—Q] =1 X (2/ w7u> / d[Vp(a,t)"‘q]
i=N+1 Xi Xi i=N+1 \ j=i Y Xj X;

i—1
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k—1 Xj11 ﬁ_q X; pq T
= Z W rUu </ dI:Vp(a’ t)pq])
Jj=N+1 Xj a

Then, we arrive at
Xk Xk @
[ ([ 7)
a t
p
k X X pg \ pa pa 7| k=1 Xj+1 pq Xj P
s Z/ </ Wru) d[Vp(a,t)P—q] + D Wru </ d[Vp(a,t)P—q]>
i=N+1Y X1 L Jj=N+1 Xj a

1
li )
+ Jm </t wr u) Vp(a,b).

Now, we are in a position to find the upper estimate for A;. Using Equation (4.13), we have that

q
P Bq rq
W(t) r u(t) Vp(a, t)yp-adt

b—q

p—q

k X; pq

_k(-p) i i g q g
A3 S sup 2 - Z / (/ wr u> d|Vp(a,t)r-a
N+1<k<oo i=N+1+Xi_1 t

_ka-p| kI Xjs1 pg X pa
+ sup 2 - 2 Wru </ d[Vp(a, t)P—q]>
N+2<k<co j=N+1 X a

1
_ka-p) *k  Bg \aq
+ sup 2 r lim (/ Wru) Vp(a,t).
t

N+1<k<oo [—a+

£
-

Q=

pb—q

Further, Equation (2.1) yields

p—q

_ka-p| [k *k Bg \ p4 pa |
A3S sup 2 v / </ wr u) d[Vp(a,t)P—‘Z]
N+1<k<oo X1 t

p—a
) Xkt1 pg q Xk P4 1\ pq
+ sup 2 Wru </ d[Vp(a,t)P—4]>
N+1<k<oo X a

k

1
_kQ-p) e Bg \q
+ sup 2 r lim </ Wru> Vp(a,t)
t

N+1<k<oo [—>a+

= A3’1 + A3’2 + A3’3.

p

3403

IA
T 4~
;ML
A/
=
Ry
t
S
-2
e
~_
Z N
%M*-
>\><
QN
=
L8
N
S |
~_
o

Q=

p—q

(4.13)

85U8017 SUOWILIOD BAIIERID 8|qedl|dde ay) Aq peusenob afe sejone VO ‘@SN Jo SN 10} ARiqiT8uluO A8]IM UO (SUONIPUCD-pUe-SLUe) 0D A8 | 1M ATelq 1 [BU1|UO//:SANY) SUORIPUOD Pue WS | 8U} 88S *[5202/90/.2] uo AriqiTauluo Aeim ‘AiseAlun 3 LI A 20000202 BUeW/Z00T OT/I0P/W00™ A8 1M AReid 1 |euluoy//Sdiy Wwoly papeojumod ‘6 ‘20 ‘9T9222ST



3404 %ﬁgg&%ﬁ%@ﬁHE GOGATISHVILI and UNVER
[NACHRICHTEN |

Integrating by parts again, we have that

q

k(l—ﬁ> p— _rq
A;1 S sup 2 / </ wr u> W(t) r u(t)V (a,t)r-adt

N+1<k<oo

Thus, Equation (4.1) gives

—-q
i pq

_ka=p) k Xk ga \ p- g
A31 S sup 2 / </ wr u) W(t) r u(t)V (- l,t)P adt
Xj—1 t

N+1<k<oo

1

_k(-p) Xk Bq q
+ sup 2 / Wru | Vp(a, xi_1)
N+2<k<oo X1
S Az + By, (4.14)
Additionally,
1
L) Xke+1 Bq q
A3 S sup 2 Wru ) Vp(a,x) < By. (4.15)
N+1<k<oo Xk

Lastly, we will find a suitable upper estimate for A; ;. To this end, we will treat the cases N = —co and N > —oo,
separately. Observe that, if N = —oo0, since x; - a if i —» —o0, we have for any k,

1 1
Xk Bq % Xk Bq q Xk Bq q
tlircll1+ </ W7u> Vp(a,t) = lim / Wru p(a X;) < sup / Wru ) Vy(a, x). (4.16)
- ¢ i»>—o0 X i<k x;

1

Then, then using Equation (4.16) together with Equation (2.7), we get

1
_ka-p) ko pg k(1-p)
As; Ssup2  r osup / Wru V p(a, x;) = sup2 r / W r u p(a,xk_l) < B;.
kez i<k X; Xi—

On the other hand, if N > —co

1
X Bg E
lim </ W r u> Vp(a,t) < esssup </ W r u> Vp(a,t)
t=a+t \ J; te(a,xy 1)

1

1
AN+ pg q Xk Bg q
~ esssup < Wr u> Vpla,t) + Wru ) Vp(a, xy)- (4.17)

te(a,xn41) XN+1

Additionally, it is easy to see that

y y y
ess sup </ WﬁTqu> qu(x, 7)< / </ WﬁTqu> " W(t) r u(t)Vp(x t)P th . (4.18)
T X t

TE(x,y)
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First, using Equation (4.17), we get

1
_ka-p) N+ Bg \ ¢ _k1-p)
A3z S sup 2 - esssup < wr u) Vp(a,t)+ sup 2 sup / W r u p(a X;).

N+1<k<oo te(a,xn+1) N+2<k<oco N+1<i<k

Then, using Equation (4.18) for the first term and applying Equation (2.7) for the second term, we get

p—q

L pq

_ka=p Yk Yk g\ p- g
A3z S sup 2 / (/ wr u> W(t) r u(t)V (a,t)p-adt
Xk—1 t

N+1<k<oo

1
_ka-p) e pg \4
+ sup 2 - Wru ) Vp(a, xg_1)-
Xk—1

N+2<k<oo

Finally, using Equation (4.1), we arrive at

1

) ga \1¢
Az3 S A3+ sup 2 v / Wru ) Vp(a,x—) S Az + By.
X

N+2<k<oo

Consequently, we have for any N € Z U {—o0}, A3 3 S A3 + B;. Combining the last estimate with Equations (4.14)
and (4.15), we arrive at A; < Az + By, hence, C ~ A5 + B;.
Let us now continue the proof by showing A; + B; = C; + Cj.

To this end, taking a = # and

p—q
pq

h(x) = / </ w67qu>p WO uv (a,t)ﬁdt . xe(ab)
a t

q

in Equation (2.10), we have that A; ~ C,. Moreover, we have already shown in Equations (4.4) and (4.5) that B; S
C; S A, + B;. Furthermore, Equation (4.18) yields that A; < A;. Consequently, we have A; + B; SCy +C; S Az +
B;, which is the desired estimate.

(iv) Let max{r,q} < p. Then, using [Theorem 3.6, (iv)], we have that C ~ B, + A,. First of all, we will show that B, +
A4 ~ B, + Ay, where

. =9\ pr
(o] kp(l ﬁ) p_ q(p-r)
A= Y 2 / </ Wru> W(t)ru(t)V (@ 0P adt ,
k=N+1

and B, is defined in Equation (4.6).

It is clear that A, < A,. In Equation (4.7), we have already shown that B, < A, + B,. Moreover, analogously as in
the previous proof, using Equation (4.18), one can easily see that A, < A4. Thus, B, + A, S B, + A, follows.

It remains to prove that B, + A, < B, + A,4. Assume that max{A,, 3,} < oo0. Then, using the same steps as in the
previous case, we can see that Equation (4.12) holds; therefore, Equation (4.13) is true in this case, as well.
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Applying Equation (4.13) combined with Equation (2.5), we obtain that
pr
» r(p—q) \ pr
(e8] kp(l ﬁ) Xk Xk @ E e q(p-r)
A )2 / (/ Wru) d[Vp(a,t)P—q]
k=N+1 Xk—1 3
p—r
pr r(p—q) pr
X _gp=h Y pg O\ 4 Xje—1 pq q(I;j)
+ Z 2 b Wru </ d[Vp(a,t)P—4]>
k=N+2 Xk—1 a
p-r

1
(69 — X, -
_Pa=A . kg q
p-r r
+ E 2 tl_l}Ig}'_ /t Wru) Vy(a,t)

k=N+1
=1 Ag1 + A+ Ay

holds.

As in the proof of the previous case, using integration by parts in combination with Equation (4.1), we have that

br
r(p=q) \ pr

d qa(p-1)

X _gp=h Xie Xk Bg \ p—q
ans| X 2| ( / Wru> WO 7 w0V y(a, 07 dt
Xk—1 t

k=N+1

pr pr

°° kP(l ﬁ) q(p—r) pr
~ Ay + / W Vp(a, xp—1)P"
k=N+2 Xj—
2

r r pr

e Yktl  pg q k"= X+l pg a(p=r) pr
~ A4 + Z z_k(l_ﬁ) / W ru 2 p=r W ru Vp(a’ xk)pir
k=N+1 Xk X

s A4+Bz.

On the other hand, it is clear that

h Kk PA=R) g q(pl)
Ans| Y 2 / Wru V@) | <B,

k=N+2
Furthermore, if N = —o0, using Equation (4.16), and then applying Equation (2.8), we get
_pr pr

& i 2= a(p=r) pr
Ass| Y 27 swp / Wy V,(a,x)P

k=—o0 i<k Xi

(4.19)

(4.20)
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p(l ,5) 5q q(p r) pr
~ / Wr Vp(a, Xk_l)p_r < Bz.
k——oo Xfe—

If N > —o0, Equation (4.17) together with Equation (4.18) yields,

p—r
r(p=q) \ pr

d q(p-1)

e kP(l 5) Xk —q pq
A3 S Z 2 / </ Wru) W(t)ru(t)V(a t)p-adt

k=N+1

b—r

pr
s _kPa=p Q(P r) pr
+ Z 2 r7 sup / W Vp(a,x;)r
k=N+2 N+1<i<k X;

Applying Equation (4.1) to the first term and Equation (2.8) to the second term, we have

p—r

pr

q(p r pr
/ W p(a: xk—l)p_r S Ay + Bs.

Xk—

b K« PA=AR)
A4’3 S Ay + Z 2 p-r

k=N+2

Thus, forany N € Z U {—oo}, we arriveat A, 3 S A4 + B,. This fact, combined with Equations (4.19) and (4.20) yields
Ay S Ay + B,. Since B, < B,, we have A4 + B, S A4 + B, and consequently, C = B, + A,.

Now, we will show that B, + A4 = C3 + Cs. Applying Equation (2.9) with a = % and
r(p—q)
X% g N\ R
h(x) = / </ W7u> W(t) r u(t) p(a,t)r-adt , Xx€(a,Db),
a t

it is clear that A, ~ Cs. We have also shown in Equation (4.9) that B, < C;. Hence, it remains to show that C3 <
Ay + B,. To this end, we can use Equation (4.18), and obtain A, < A4. Moreover, we know from Equation (4.11) that
C; S A, + B,. Consequently, C; < A4 + B, holds and the proof is complete.

O

Proof of Theorem 1.2. We will prove that inequality (1.9) holds for all f € 9'(a, b) if and only if inequality

/

holds for all h € M*(a, b).

1 q q

X t P b b
/ (/ h(f)dr) u(t)dt | w(x)dx SCP/ h(x)(/ v)dx (4.21)

b

| =

Assume that Equation (1.9) holds for all f € M'(a, b). Substituting f(x) = (/ax h)p, x € (a,b) for h € M*(a,b) in
Equation (1.9) and applying Fubini’s theorem on the right-hand side, Equation (4.21) follows.

Conversely, assume that Equation (4.21) holds for all & € 9*(a, b). Since any f € M (a, b), even if £(0) > 0, can be
approximated pointwise from below by a function of the form f(x)P = /ax h,x € (a, b), then the validity of Equation (4.21)
yields Equation (1.9). Therefore, the result follows from Theorem 1.1. O
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