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ON GAUSS-WEIERSTRASS TYPE INTEGRAL OPERATORS

Abstract. In this paper, we introduce a generalization of Gauss—Weierstrass opera-
tors based on g-integers using the ¢g-integral and we call them ¢-Gauss—Weierstrass integral
operators. For these operators, we obtain a convergence property in a weighted function
space using Korovkin theory. Then we estimate the rate of convergence of these operators
in terms of a weighted modulus of continuity. We also prove optimal global smoothness
preservation property of these operators.

1. Introduction

Recently, in |2] a g-generalization of Gauss—Weierstrass and Picard sin-
gular integral operators was introduced by using the g-analogue of the Euler
Gamma integral. In [1], we gave a different generalization of ¢-Picard singu-
lar integral operators by using the nonisotropic 3-distance.

In this paper, we introduce a g-generalization of Gauss—Weierstrass sin-
gular integral operators by using the g-integral. In 1910, Jackson [5] defined
and studied the g¢-integral. He also was the first to develop ¢-calculus in a
systematic way. Nowadays there is a significant increase of activity in the
area of the g-calculus due to its applications in mathematics and physics.

The purpose of this paper is to obtain the weighted approximation error
of the new type Gauss—Weierstrass singular integral operators for functions
of polynomial growth. This estimate will be in terms of a weighted modulus
of continuity that we give below. Also we give a direct approximation result
for these functions. We finally establish the optimal global smoothness of
these operators by using the usual modulus of continuity.

Next we provide a summary of the mathematical notations and defini-
tions used in this paper. All of the results can be found in [4] and [6].
Throughout this paper, we fix ¢ € (0,1).
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For a € R, n € N,

1—-4g"
ol = T2
n—1 00
(mq)n:H(l—aqk), n=12..., x7q)oo:H(1+qu>,
k=0 k=0
[n] | — [n]q [’I’L - 1] [1](1 y N= 1’ 25
1 1 n=0
The g-derivative Dgf of a real valued function f is given by
f@)— flgz) .
1.1 Dyf)(z) = ————=, ifx#0,
(1) (Dyf) () = L= /

and (D, f) (0) = f (0) provided f' (0) exists.
The g-Jackson integrals and the ¢-improper integrals of a real valued
function are defined as (see [5] and [9])

a

Vf(2)dgz = (1-q)ad_f(ag")q", a R,
n=0

0

and

(1.2) ?f )dgr = (1 —q) Zf( ) ., A>0,

n=—oo
provided the sums converge absolutely.
One can define the Jackson integral in a generic interval [a, b] as

b b a

Sf(a:) dgxr = Sf(x) dgx — Sf(ac) dqx.

a 0 0

There are two important g-analogues of the exponential function:
o0 xn

(1.3) Ey(z) = ZQ”(”’”/QW =(-(1-q9)z9)
n=0 q

and

(1.4) N P P A—

~nl! (1-g 9

Note that for ¢ € (0,1) the series expansion of e, (x) has radius of con-
vergence ﬁ. On the contrary, the series expansion of E, (z) converges for
every real x.
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The g-gamma integral is defined by [9]

1

1—q
(1.5) L,(t) = S 2 B, (—qx) dgz, t>0
0

which satisfies the following functional equation:
Lg(t+1) = [t],Tq(t),

where [f], = =4 and Ty (1) = 1.

The change of variable formula (see [6]) for u (z) = vz is

u(b) b
(1.6) | f () dgte = § £ (u(2)) Dyyyo () dyp o
u(a) a

2. Description of the operators

DEFINITION 1. Let f : R — R be a function. For n € N, ¢ € (0,1) and
x € R, the ¢-Gauss—Weierstrass integral of f is

(21)  Wn(fiq, z)

2

- Yty qu T ey E, (—q2 ] t—) dyt.

1
2l (i) 0 T4
LEMMA 1. The operator W, satisfies, for every k € N,

i (ta2) = 50 () 25 ) s
=0

/ [nlg T2 (%)

ESINIS

Proof. From (2.1) we get

(2.2) W, (tk; q, x)

e R W (R o O (-qQ[”]q§>dqt

2L (%) 0
2
[l @+ ) &y VT 2
_ k—j J 2
= e t'Ea | —q°|n —>dt-
e L 0) ) e (i)
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N

[l

Using (1.1) we can write the g-derivative of the equality t = 2 as

(2.3) Do (t) = 2 VU= VU 2

o, A= (g 1) [lnl, v

Also, using the change of variable formula (1.6) for g-integral with 3 = %,
then from (2.3) and (1.5) we have

2

T 5 1
VInlgVi=a® t2> 9i+1 1—q2
dt = —

for j =0,...,k. From (2.2) we have desired result. m

REMARK 1. Note that ¢g-Gauss—Weierstrass operators W, given by (2.1)
can be rewritten via an improper integral by using definition (1.2). From

(1.3) we can easily see that £, <—1q—jq) =0 for n <0 . Thus we can write

M:O 1—¢?
[n]q (q + 1) 2 : 9 t2
Wi (fiq, x) = W [S) fz+1)Ep <—q [n], Z) dgt.

3. Approximation properties in a weighted space

In this section, by using a Bohman-Korovkin type theorem proved in [3],
we present the direct approximation property of the operator W, given by
(2.1).

Let us denote by Bz (R) the weighted space of real-valued functions f
defined on R with the property |f (x)| < My (1 + 1:2) for all x € R, where
My is a constant depending on the function f. We consider the weighted
subspace C3 (R) of B (R) given by

Cy (R) ={f € B2 (R) : f continuous on R}.
We also consider the space of functions C§(R) = {f € C2(R)

lim, 00 IJ;(—Q;L = k € R} equipped with the norm || f||, = sup,cr ‘ﬁ?z‘

THEOREM A. Let T, be a sequence of linear positive operators mapping
C3 (R) into B (R) and satisfying the conditions

, |7, (¥ ) — 2|
lim sup =
n—00 LR 1+ x2

0, forv=0,1,2.
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Then, for any f € C5(R),

i oy T2 = @)
n—00 1 R 1+ x2

and there exists a function f* € Cy (R)\C% (R) such that

T *. _px
i sup T2 = 1 (0)
n—00 peR, 1+zx

=0,

> 1.

For f € C%(R), we will consider the weighted modulus of continuity
defined in [10] given by

_ |f (& +h) — f(2)]
(5,0 = regh<s 1+ (hta)?

This function has the following properties:

(1) Q2(f,6) < 2|l
(2) QQ(fam(S) émQQ(f75)am€Na

(3) lims o Q2 (f,0) = 0.

Note that, we can not find a rate of convergence in terms of usual first
modulus of continuity wq (f,d) of the function f because the modulus of
continuity wi (f; &) on the infinite interval does not tend to zero as § — 0.
For this reason we consider the weighted modulus of continuity Qa(f,d).

REMARK 2. Since any linear and positive operator is monotone, Lemma 1
guarantee that W, (f) € Ca (R) for each f € Ca(R).
Note that, if we choose ¢ = 1 then the operators W, turn out to be the
classical Gauss—Weierstrass singular integral operators.
Since for a fixed value of ¢ with 0 < ¢ < 1,
lim [n], = L,
n—00 1— q
to ensure the convergence properties of W,, we will assume ¢ = ¢, as a
sequence such that g, — 1 as n — oo for 0 < ¢, < 1 and so that [n], — oo
as n — oo. An example of such a sequence is ¢, =1 — 1/na", where a > 3
(see [7]).
THEOREM 1. Let ¢ = g, satisfies 0 < g, < 1 and let ¢, — 1 as n — oo.
For each f € C% (R) we have

Wi (f; ns ) — f (2)]

lim su = 0.
n—00 IEE 1+ 22
Proof. Clearly, lim,, oo SUp,cp W% = 0. From Lemma 1 we get
Wh, (t; —
lim sup| n (£ G, f) z| —=0.
n—00 1R 1+=x

Unauthenticated
Download Date | 5/29/17 1:58 PM



846 G. A. Anastassiou, A. Aral

Also, using Lemma 1 again, we can write

2. ) 3
L G e PO ary; (3)

ek 1+ a2 sek 140 Jinl T (4) 0 g, T2 (3)

which implies that

=0.

lim su ‘Wn (tQ;qn, :c) — x2‘
n—00 IEE 1+ 22

Since the conditions of Theorem A are satisfied, we obtain for any f € C} (R)

. sup W Ui, 7) = £ @)

= 0.
n—00 R 1+ 22 -

THEOREM 2. For f € C5(R), n € N we have
o (f — 12 8T 2 (3 1
sup ‘W (fﬂlqa x)Q f(l')’ < <1_|_ - + ¢ (12)>Q2<f, )
zeR Tz Ty (3)  Tg(3) [n],
Proof. From the properties of ) it is obvious that for any A > 0,

For § > 0, if we use the definition of 5 and the last inequality with A = %
we have

Fa+t) = f@)] < (1+E+2)?) 2 (10)
< (1 + (t+x)2) (1 + g) 0s(f,6).

By the linearity and monotonicity of W, applied to last inequality we obtain

W (f;q, ) — f ()]

< V() Wg (1 + (t+1:)2)<1 + %)Eq (—q2 ], .

= 2rd3) 0 a4

We can use the identity (1 + (z + t)2> 1+H=01-% (1 + (t+ $)2> +
Tt+a)+3(t+ )%, to rewrite the RHS above as follows

2

>dqt Qa(f,0).

4] 0

Using Lemma 1 and simple algebraic manipulations, the above expression

<<1 = %) (1 Wa (%50, 2) + (b0, 2) + W0, (14, x)) D (f,0).
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becomes
7 ; T 1 20 (%)
{(1 o <1 ' 5\/@%2 (%)> i Tz (3) TSl Ty (%))
AL 2 (%) 8
T, (D) 5T, (3) foutr.0

Putting together the above inequalities, we get, after dividing by (1 + a?2)
1

ViRl

et f;;fw = {” n:(%) ENCEAT <1+2FQQ @))
e (G

{1

This completes the proof. =

and choosing § =

REMARK 3. If f € C¥(R), n € N, then the weighted convergence rate of

the operators of (2.1) to f is \/[rlz]j for 0 < g, <1and g, — 1asn— oco.
Also this convergence rate can be made better depending on the choice of
¢n and is at least as fast as —=

NG
REMARK 4. We define the usual modulus of continuity

wi(f; 0) = sup |f(z+h)—=f(2)],

z€R,|h| <6

where f: R — R.
Then for f (x) = x we get trivially that

wi (x; §) = 0.
Here we consider f : R — R with w; (f; ) < oo, for any § > 0, and such
that W, (f; q, =) exists for any x € R. We notice that
Wa (fia, 2 +h) = Wn (fiq, x)

iy (g-+1) VT .
:W S (f+h+t)—fx+1)Ep <—q2[n] )dqt.

0 14
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Thus it holds
Wi (f54, +h) = Wh (f;q, o)

I a + 1) VIR

12
< | Verhen-ilesoie (<, T )
\/@(q +1) Vi e
<wi(f; 0) W [S) Ep <—q [n]q Z) dgt
=wi(f; 9).
Therefore
(3.1) wr Wi (fiq, 1) 0) <wi(f; d), for any 6 > 0,

proving the global smoothness preservation property of W,.
We know by Lemma 1 for k = 1 that
2
Wn(t;Q7 33‘) =+ T 1y
[n]qrq2 (5)

hence
w1 W (t;q, z); 0) =wi (x; §) =0,

proving that (3.1) holds with equality. Hence (3.1) is a sharp inequality.

References

[1] G. A. Anastassiou, A. Aral, Generalized Picard singular integral, Comput. Math.
Appl. 57 (2009), 821-830.

[2] A. Aral, On the generalized Picard and Gauss Weierstrass singular integrals, J. Com-
put. Anal. Appl. 8 (2006), 246—261.

[3] A.D. Gadzhiev, Theorems of the type of P. P. Korovkin type theorems, Math. Zametki
20 (5) (1976), 781-786; English Translation, Math Notes 20 (5-6) (1976), 996-998.

[4] G. Gasper, M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics
and its Applications, Vol 35, Cambridge University Press, Cambridge, UK, 1990.

[6] F. H. Jackson, On a g-definite integrals, Quart. J. Pure Appl. Math. 41 (1910),
193-203.

[6] V. G. Kac, P. Cheung, Quantum Calculus, Universitext, Springer-Verlag, New York,
(2002).

[7] G. M. Phillips, On generalized Bernstein polynomials, in Numerical Analysis, A. R.
Mitchell 75th birthday volume (ed. D. F. Griffiths and G. A. Watson) pp. 263-269
(World Scientific, Singapore, 1999).

[8] A. De Sole, V. G. Kac, On integral representations of g-gamma and g-beta functions,
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 16 1
(2005), 11-29.

Unauthenticated
Download Date | 5/29/17 1:58 PM



Gauss—Weierstrass operator 849

[9] T. H. Koornwinder, g-Special Functions, a tutorial, in: M. Gerstenhaber, J. Stasheff
(Eds), Deformation Theory and Quantum Groups with Applications to Mathematical
Physics, Contemp. Math. 134 (1992), Amer. Math. Soc. 1992.

[10] I.Yiiksel, N. Ispir, Weighted approzimation by a certain family of summation integral-
type operators, Comput. Math. Appl. 52 (2006), 1463-1470.

G. A. Anastassiou

DEPARTMENT OF MATHEMATICAL SICIENCES
THE UNIVERSTY OF MEMPHIS

MEMPHIS, TN 38152, U.S.A.

E-mail: ganastss@memphis.edu

A. Aral

KIRIKKALE UNIVERSITY FACULTY OF SCIENCE AND ARTS
DEPARTMENT OF MATHEMATICS

YAHSIHAN, KIRIKKALE - TURKEY

E-mail: aral@science.ankara.edu.tr

Received July 22, 2009; revised version March 1, 2010.

Unauthenticated
Download Date | 5/29/17 1:58 PM



	Code: 10.1515/dema-2013-0268


