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Abstract: Considering the w-distance function defined by Kosti¢ in proximity space, we prove the
Matkowski and Boyd-Wong fixed-point theorems in proximity space using w-distance, and provide
some examples to explain the novelty of our work. Moreover, we characterize Edelstein-type fixed-
point theorem in compact proximity space. Finally, we investigate an existence and uniqueness
result for solution of a kind of second-order boundary value problem via obtained Matkowski-type
fixed-point results under some suitable conditions.
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1. Introduction and Preliminaries

The basic concepts of proximity spaces were initially developed by Frigyes Riesz [1]
in 1908, and later on this theory was revived and axiomatized by Efremovich [2] in 1934,
which was published in 1951. Over the years, a lot of studies on proximity spaces have
been carried out [3-6]. Smirnov [5] established the link between the proximity relation
and topological spaces. In addition, he was the first to introduce the relationship between
proximities and uniformities.

Let 0 be a relation on a set 2. Then, the pair (), §) is said to a proximity space if the
following hold: forall U, V, W € 29 where 2 the power set of (

(Pr1) U6V implies VoU;

(Pr2) UsV implies U,V # @;

(Pr3) Us(VUW) iff USV or USW;

(Pr4) UNV # @ implies USV;

(Pr5) ForallY C ), USY or V5(Q) —Y) implies USV;

Forall¢ € Q and U C ), we will use the notation {6U and Ué¢ instead of {&}dU and
Ud{C}, respectively. A proximity space ({2, 9) is called separated if {7 implies ¢ = 7 for all
¢,n € Q). The properties of proximity spaces are generalizations of uniform properties and
continuity properties of metric and topology, respectively. Every proximity relation on a
nonempty set () induces a topology T; via the Kuratowski closure operator. The Kuratowski
closure operator using proximity relation can be defined by c/(U) = {¢ € Q:{éU} for all
U C Q). In this case, the topology 1 is always completely regular, further, it is Tychonoff if
(), 9) is separated. If (Q), T) is a topological space and J is a proximity on Q) such that 75 = T,
then T and J are said to be compatible. Every completely regular topology on a nonempty
set () has a compatible proximity. Additionally, if a sequence {(,} converges to a point
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¢ € O with respect to induced topology 75, then we obtain {6{¢, }. Furthermore, every
uniform space (Q, ) has an associated proximity structure defined by for all U,V C Q,
USV if (U x V)NW # @ for all W € U. For further information, see [7,8].

Now we state some examples of proximity spaces.

Example 1. Let (Q), p) be a metric space. Consider the relation 5 on 2 as
Usv < p(U,V) =0,

where p(U, V) = inf{p(u,v) : u € U,v € V}. Then ¢ is a proximity on Q. In addition, the
metric topology T, and & are compatible.

Example 2. Let (Q), T) be a Ty (both normal and Ty) topological space. Consider the relation 6 on
29 gs
UsvV & Unv #.

Then ¢ is a proximity on Q). In addition, T and 6 are compatible.

Example 3. Let (Q), T) be a completely reqular topological space. Consider the relation 5 on 2 as
UGV if and only if there does not exist a continuous function f : Q) — [0,1] such that f(U) =0
and f(V) = 1. Then § is a proximity on Q). In addition, T and § are compatible.

Considering that fixed-point theory on proximity space will bring a new direction and
interesting results, Kosti¢ [9] defined the concept of w-distance and wy-distance inspired
by [10] (see [11] for more information about w-distance) in proximity space as follows and
obtained the proximity space version of Banach fixed-point theorem.

Definition 1. Let (Q), 8) be proximity space and w : Q x Q) — [0, 00) be a function. If w satisfies
(wl1) , w(,U) =0and w({,V) = 0implies UV forall { € Qand U,V C Q,

then w is said to be a w-distance on Q, where

w(U) = inf{w({,¢) : & € U}

In addition, a w-distance on a proximity space (Q), 8) is called wy-distance if the following
axioms hold:

w2) w(g,n) <w(G, ) +w(ln)foralg,ng e,
(w3) w is lower semicontinuous in both variables with respect to t5, i.e., for all ¢, € ), we have

w(&,n) <liminfw(&,n) = sup inf w(&,n)
Foe Ve &€V

and
w(y7,&) <liminfw(y, &) = sup inf w(ny,&’),
é’*}é VEU@ é/GV
where Uz is a base of neighborhoods of the point ¢ € ().

Remark 1. It is clear that if w is lower semicontinuous in both variables with respect to t5, then
we have w({,n) < li’minfw(én,q) and w(1n,§) < lirrginfw(iy, &n) for every sequence {&n}

converging to ¢ with respect to Ts.

Example 4. Let () = R be endowed with the usual metric and the proximity 6 defined in Example 1.
Define w1, wy : QO x QO — [0, 00) by

w1 (,17) = max{|g], ||}
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and

ey = LML

then both wq and wy are wy-distance on Q).
Example 5. Let Q) = [0,00) be endowed with the lower limit topology T; and the proximity &
defined in Example 2. It is well-known that (R, 1;) is not metrizable but normal topological space.
Define w : Q) x Q) — [0, 00) by

w(&mn) =1,

then w is wy-distance on Q).

Example 6. Let Q) = C[0, 2] be endowed with the metric p defined by

o(f,8) = [ 17(0) - s(@)lde

and the proximity & defined in Example 1. Define w : Q) x Q) — [0, c0) by

9= [ @z,

then w is wy-distance on Q).
Proof. Let U,V C C[0,2], h € C[0,2] and
wh,U)=0=w(hV). (1)

Let e > 0. Then by (1) there exist f € U and g € V such that

2 € 2 €
wil )= ["If@1de < § and whg) = [Ig(6)1dz < 5.

Hence we have

p(f.8)

[17@ - s(@ld
w(l, )+ w(h, 9

€.

VANVAN

Thus we have
p(U, V) =inf{p(f,g): feU, g€V} =0

and hence UJV. Therefore, (w1) holds, and so w is a w-distance on Q). It is clear that (w2)
holds. Now, let f, g € (), then we have

w(f,8) = /Ig !dé—hmmfw(f g) = sup inf w(f’,g),
veu; '€V

that is, w is lower semicontinuous in the first variable. On the other hand, let V € U and
f' € V, then there exists ¢ > 0 such that p(f, f') < ¢, that is SUPy ey, infrey p(f, f') = 0.

Hence, we have

w@f) = [ 1@

< [lr@-roles [1rele
< etw(gf)
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and so we obtain

w(g, f) < sup inf w(g, f'),
VGZ/{ffIEV

that is, w is lower semicontinuous in second variable. [
Example 7. Let Q) = C[0, 1] be endowed with the metric p defined by

o(f,8) = sup{lf(&) —g(8)l: ¢ € [0, 1]}
and the proximity & defined in Example 1. Define w1, w; : Q x QO — [0, 00) by

wi(f,g) = sup{[g(¢)| : ¢ € [0,1]}

and
w2 (f,g) = sup{|f(¢)| +1g(¢): & € [0, 1]},

then wy and wy are wy-distance on Q).

Lemma 1 ([9,10]). Let (Q,5) be a proximity space with w-distance w. Then, the following
properties hold:

(i) If (Q,0) is separated, then w({, &) = 0and w({,n) = 0 implies § = 1.
(i) Ifw(Z,&) =0and w(l,&n) — 0asn — oo, then {,} subsequently converges to & with
respect to Tg.

In [9], Kosti¢ introduced the Banach contraction principle in proximity space using
wo-distance w as follows:

Theorem 1. Let (Q),5) be a separated proximity space with wy-distance w. Suppose that the
mapping T : Q) — Q) satisfies the following:

(i) There exists k € (0,1) such that

w(T¢, Tny) < kw(S,n)

forall¢,n €
(i)  Forall & € Q, any iterative sequence {T" &} has a convergent subsequence with respect to Tj.

Then, there exists { € Q, such that { = T and w({,7) = 0.

In this study, we will use some auxiliary functions in the contraction inequality to
generalize Kosti¢’s theorem. Thus, we will obtain equivalents in proximity space of the
famous Boyd-Wong [12] and Matkowski [13] fixed-point theorems known in metric fixed-
point theory. In addition, for the equivalent of Edelstein’s theorem [14], in this space, we
will consider that the space is compact according to the topology induced by proximity.

Let ¢ : [0,00) — [0, 00) be a function. Next, we will consider the below properties
for ¢:

(¢1) ¢ is non-decreasing;
(¢2) Forallt >0, nlgl(}o P"(t) =0;

(¢3) Forallt >0, ¢(t) <t
(¢4) ¢ is upper semicontinuous from the right.

We will symbolize the set of all functions with properties (¢1—¢») and (¢3—¢4), by @
and ¥ respectively. It is easy to see that both ®\¥ and ¥\ ® are nonempty and also every
function in @ satisfies the property (¢3). Some examples of the functions belonging both

and ¥ are ¢ (t) = Lt, where 0 < L < 1 and ¢,(t) = l%—t
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2. Main Result

Here, we present our main theorems.

Theorem 2. Let (Q), 8) be a separated proximity space with wo-distance w and T : O — Q bea
mapping satisfying the followings:

(i) There exists ¢ € ®, satisfying

w(T¢, Tn) < ¢p(w(S,m))
forall &, € Q)
(i)  Forall & € Q, any iterative sequence { T" ¢} has a convergent subsequence with respect to Tj.
Then there exists { € Q, such that { = T and w({,{) = 0.

Proof. Let ¢y € Q) be arbitrary. Consider the corresponding Picard sequence {¢,} con-
structed by

Cn = TnéO =T¢y 1.

Since ¢ is non-decreasing, and by (i), we have

w(gnr §n+1) = w(Té’nflr Tén))
P(w(Gn-1,8n))

IN

¢" (w(Go, &1))-

Similarly, we can obtain

W (&nt1,6n) < ¢"(w(G1,60))-

By (¢2), we have
Tim @ (G, Eni1) =0 @
and
}}glolow(énﬂ, gn) =0. 3)

On the other hand, since ¢ € ®, we have ¢(e) < € for all € > 0. Hence by (2), there
exists a natural number N satisfying

w(CN,ENt1) <€—¢(€)

forall e > 0.
Since w is a wy-distance and ¢ is non-decreasing, then we have

w(@n,Ent2) < w(@N,Ent1) +Fw(ENt1, ON2)
< e—¢(e) +w(T¢n, T¢Nn+1)
< e—¢(e) + p(w(dn, En+1))
< e—¢(e) +Ple —¢(e))
< e—¢(e) +¢(e)

= €.
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Similarly,

w (N, EN+1) + w(EN+1,EN+3)
€ —¢(e) + w(Ten, TGN+2)

€ —¢(e) + ¢(w(En, En+2))
e—¢(e) +¢(e)

€.

w(Cn,EN+3)

VAN VANRVANR VAN

Continuing this process, we obtain w({n, Enyx) < € forallk =1,2,- - - and similarly
by (3) we obtain w(¢nik, En) < € forallk =1,2,---. Thus, for all m,n > N, we have

W(Gn,Cm) < w(Cn,EN) +w(EN,Cm) < 2e. 4)

By (ii), there exists a subsequence {(, } of the sequence {(, } which is convergent with
respect to 75 to some { € (), and by (w3), Remark 1 and Inequality (4), we have

(,U(g, gi’lk) S lll>n;> infw(gi’l]/ gi’lk) S 26/ (5)

and symmetrically, we obtain
w (&, §) < 2€ (6)
for all n; > N. By Inequality (6), we have
(TG, TG) < Pp(w (G, §)) < p(2€) < 2¢ @)

for all nx > N. Finally, by Inequalities (5) and (7), we have

(U(C, Tg) S (“J(g/ Ci’lk) +w(énk/T§nk) +‘U(T‘:nk1 Tg)
< 2+ ¢"(w(o,G1)) +2€
= de+ " (w(Go, 1))

for all n > N. Since, by (¢2), ¢"*(w(Eo, 1)) — 0 as k — oo, it follows that w(g, T{) = 0.
On the other hand, by (w3) and Remark 1, we have

w(, ) < llim infw(g,8y,) < 2e,

and consequently, w({,{) = 0. Thus, by Lemma 1 (i), we have { = T{. To check the
uniqueness, let ¢ € Q) be a different fixed point of T. Then, w({,g) > 0, because { # ¢ and
w(Z,¢) = 0. By (i), we obtain

0 <w(l,6) =w(Tf,Tg) < p(w(l,6)) <w(l,c),
a contradiction. Hence, the fixed point of T is unique. O
Remark 2. Note that for ¢(t) = kt, 0 < k < 1, Theorem 2 reduces to Theorem 1.

Example 8. Let (Q),6) be the proximity space and w be the wy-distance given in Example 5.
Clearly (Q),0) is separated proximity space. Define a mapping T : QO — Q by T¢ = % and
consider the function ¢ € @ as p(t) = L. In this case, we have

W(TETy) = Ty = -1 = 90n) = 9(w (&)
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forall &, n € Q. In addition, forall§ € Q, T" ¢ = ﬁ is convergent with respect to 15. Hence,

all conditions of Theorem 2 hold. Therefore, T has a unique fixed point. Note that, since

sup w(Tg, Ty)

=1,
neQ w(é, 77)

we can not find a constant k € (0,1) satisfying

w(T¢, Ty) < kw(Z,1).

Hence, Theorem 1 cannot be applied.

Theorem 3. Let (Q), ) be a separated proximity space with wo-distance w and T : O — Q bea
mapping satisfying the followings:

(i) There exists ¢ € ¥ such that ¢p(0) = 0and ¢ is right continuous at 0 satisfying w(T¢, Ty) <
¢(w(C,m)) forall G, 1 € C;

(ii) Forall { € Q, any iterative sequence {T"} has a convergent subsequence with respect to Ts.

Then, there exists { € Q) such that { = T{ and w({,{) = 0.

Proof. Let ¢y € Q) be arbitrary. Consider the corresponding Picard sequence {¢,} con-
structed by

Gn = TnCO =T¢n-1.

for all n € N. For simplicity, call w, = w(y, &y+1). If there exists ny € N such that
Wyy = Wyy11 = 0, then by triangular inequality we have

w(gi’lo/ 6n0+2) < w(gnor gnoJrl) +w<él’l0+1/ CYI(H-Z)
- wl’lo + an+1 = 0

and so by Lemma 1 (i) we have ;41 = Gy 42. This shows that ;11 is a fixed point of
T. Now assume that any of consecutive terms of the {w, } are not zero. In this case, there
exists a subsequence {wy, } of {wy} such that w;,, > 0 for all k € N. By (i), we have

Wyl = W(Cnt1, Cnr2)
W(Tgnkr T§Hk+1)
(W (Gnyr Gnt1)
= ¢(wy) < wy,. 8)

IN

Since the index sequence ny is strictly increasing, we have #y,1 > 1y and so ng4q >
ny + 1. Therefore, from (8), we have

wnk+1 S wnk-‘rl < “Jnk- (9)

It follows that {wy, } is a decreasing sequence which is also bounded below. Thus,
there exists oy > 0 such that klim wy, = 7. If v > 0, then by (9), (¢3) and (¢4), we have
— 00

0 <7y = lim wy,, < lm wyq < lim pwy) < im sup p(wn) < $(7) <7,

a contradiction. Therefore, 7 = 0, and consequently,

kILnJO wy, = 0. (10)
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Similarly, it can be obtained that the limit of all subsequences of {wy, } whose all terms
are greater than zero, is zero. Hence we have

nli_fgown = nh_{rolo w(énr §n+1) =0.
Now, if we call @, = w(;+1,n), similarly we can obtain

lim @, = lim (&1, En) = 0. (11)

Now, we claim that for every € > 0, there exists a natural number N satisfying

w(énﬁén) <e

forall m > n > N. Assume the contrary, then there exist € > 0, my,n, € N with
my > ni > k, k € Nsuch that w(m,,n,) > €. Here, we can choose m; as the smallest
positive integer that satisfies w(&m,,&n,) > €. Therefore, we obtain w(&, —1,8n,) < €,
and since w is a wy-distance, we obtain

W(‘:mkfgnk)

W(&myr Gmyp—1) + (-1, Cny.)
W(kargmkfl) +e€

@1 + €

€

VAN VANVAN

By Equation (11), it follows that klim w(gmk, Cn,) = €. On other hand,
— 00

W (8 Cny) < W8y Gmt1) + W (Emyr1, Cmy+1) + W (Ert1, Sny)
= Wy + (T, Tong) + @,
< o+ 9@ (Em ) + Oy

Taking limit k — oo and by (¢4), we have € < ¢(¢), a contradiction. Thus, for every
€ > 0, there exists N € N, such that

w(Gm, Gn) <€ (12)

for all m > n > N. Similarly, we obtain

w(Gn,Cm) <€ (13)

forallm >n > N.
By (ii), there exists a subsequence {¢;, } of sequence {¢, } which is convergent with
respect to 75 to some ¢ € (), and by (w3) and Inequality (12), we have

w({,Cn) < llirn infw(Gn,,Cn,) <€, (14)

for all ny € N and symmetrically by (13), we obtain

w(Gn, 0) <€ (15)

for all n; € N. Then, we have
©(¢,0) < lim infw(Z, &) < e,
— 00

and consequently, w((, {) = 0. On the other hand, we have
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(‘U(gl Tg) S (,U(g, C?’lk) + w(gﬂk/ Tg)
= w(& &) +w(T¢n—1,TC)
< e+ ¢(w(@n-1,0)
Since ¢(0) = 0 and ¢ is right continuous at 0, we have w({,T¢) = 0. Thus, by
Lemma 1 (i), we have { = T¢.

To check the uniqueness, let v € () with v # { be another fixed point of mapping T.
Since w((, ) = 0 it must be w({, v) > 0. Hence by (i), we obtain

w(§,v) = w(TE, To) < p(w({,v)) < w(l,v),
a contradiction. Thus, the fixed point of T is unique. [

Finally, in the theoretical part, we present a fixed-point result, taking into account the
compactness of the space and a strict contraction inequality. Here, we will use the following
well-known lemma.

Lemma 2 ([15]). Let f : QO — R a lower semicontinuous function, where () is a compact
topological space. Then, there exists an element ¢y € () such that

f(Go) = inf{f(Z) : ¢ € O}.

Definition 2. Let (Q),6) be a proximity space with w-distance w and T : QO — Q) be a mapping.
Then T is said to have 0-property if w(T¢, Ty) = 0 whenever w(&,n) = 0 forall §,n € QL.

Example 9. Let () = [0,00) be endowed with the lower limit topology T, and the proximity
o defined in Example 2. Consider the w-distance on Q) defined by w(¢,n) = 1. Then every
self-mapping T of () has O-property, provided that TO = 0.

Theorem 4. Let (Q), 6) be a separated proximity space with wy-distance w such that Q) is compact
with respect to 15, and T : QO — Q) be a continuous mapping with 0-property. Assume that

w(T¢, Tyy) < w(é,n)

forall &,n € Quwith w(&, 1) > 0. Then, there exists ¢ € Q) such that ¢ = Tg.

Proof. Define f,g : O — Rby f(&) = w(&, T¢) and g(¢) = w(TE, ). Since w is lower
semicontinuous in both variables and T is continuous, then f and g are lower semicon-
tinuous. Since () is compact with respect to 75, then from Lemma 2 there exist {,¢ € (,
such that

f(0) =inf{f() : { € O}
and
8(c) =inf{g(g) : & € O}
In this case, if w({, TZ) > 0, then we obtain

f(TE) = w(TE, TTY) < w(g, TT) = f(D),

which is a contradiction. Hence, we obtain f({) = w({, T{) = 0. Similarly, we obtain
w(Tg,¢) =0.
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Now, if w({,¢) > 0, then we obtain

w(l,6) < w(TE) +w(TL, Tg) + w(Tg,g)
= w(Tngg)
< w(lg),

which is a contradiction. Hence, we have w({,¢) = 0. Therefore, from Lemma 1 (i), we
have ¢ = T{ and so w(Tg, T) = 0. Now,

w(Tg, Tg) < w(Tg, T¢) +w(TE, Tg) =0,
and so from Lemma 1 (i), we have ¢ = T¢. Additionally,

w(g,6) = w(Tg, Tg) = 0.

Now let v be another fixed point of T. Then, we have v = Tv and w(g,v) > 0.
Therefore, we obtain
w(g ) = w(Tg, To) < w(g,v),

which is a contradiction. [

3. Application

Now, by considering Theorem 2, we give existence and uniqueness results about the
solution of the second-order boundary value problem (BVP) as follows:

{ _% = F(t,&(1), te(01] (16)
§0)=¢(1)=0

where F : [0,1] x R — R is continuous function. By taking into account some certain
conditions F, some existence theorems were recently presented for problem (16) in the
literature (see [16-18]). Here, we will consider some different conditions on F, and we
provide a new theorem. We can see that the problem (16) is equivalent to the integral
equation

&(t) = /O LGt s)E(s,(5))ds, £ € [0,1], (17)

where G(t, s) is associated Green’s function defined as

t(l—s) , 0<t<s< 1
G(t,s) = .

s(1—t) , 0<s<t<l1

Therefore, & € C2[0,1] is a solution of (16) if and only if it is a solution of (17). It is

clear that . ( )
" tH1—t
/0 G(t,s)ds = I

Let (Q), 6) be the proximity space, where () = C[0, 1] and ¢ is induced by the uniform
metric peo

peo (8, 1) = sup{[S(t) —n(t)] : £ € [0,1]}.

In this case, (), d) is separated proximity space. Consider the following wy-distances
wy on () defined by

wa(§, 1) = sup{e”™[&(t) —n(t)| : t € [0,1]},

where « > 0 is a constant.
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Theorem 5. The second-order BVP given by (16) has a unique solution under the following
assumptions:
(a) There exists a non-decreasing function ¢ : [0,00) — [0, c0) such that

[F(s,8) = F(s, )| < ¢(e”™[& —1])

foralls € [0,1].
(b) limy, 00 ¢" (t) = 0 for all t > 0, where ¢ = Ky ¢ and

Ky = sup{e_“tt(lz_t) te [0,1]}.

Proof. Consider the operator T : C[0,1] x C[0,1] — CJ0, 1] defined by
1
Te(t) = [ Glt)F(5,5(s))ds
0
Then, for any ¢, € C[0,1] and t € [0,1], we have

1 1
Tt =Ty = | [ Glto)F(se(s)ds— [ Glts)F(s,(s))ds

1
< /O G(t,5)|F(s,&(s)) — E(s,7(s))|ds
< [ Gt9ete 1)~ ne)ds
1
<

o(waln)) /0 G(t,s)ds

plan(e ) 0

and then we obtain

HITE(E) — Ty(H)] < glwa(gm)e 00,
By taking supremum over ¢ € [0, 1], we have
wi(TE, Tny) < Kap(wa(8,17)) = Pp(wa(E,11))- (18)

Therefore, condition (i) of Theorem 2 is satisfied. Now let { € C[0, 1] be an arbitrary
function. Define a sequence of functions {¢, } as §, = T"¢. As in the proof of Theorem 2
and by (18), we have

wﬂl(gl’l/ gm) —0

as m,n — oo. On the other hand, since

e_“poo(é, 77) < wlx(gf 77) < poo((:, 77)

forall ¢, € C[0,1], we have
peo(GnsEm) — 0

as m,n — oo. Thatis, the sequence {¢,} is Cauchy and so has a convergent subsequence
with respect to pe since (), pso) is complete. Therefore, condition (ii) of Theorem 2 is
satisfied. Consequently, there exists unique € C|0, 1] which is a fixed point of the operator
T, moreover wy (g, ) = 0. Hence, the (16) has a unique solution. [
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4. Conclusions

In this paper, following Kosti¢’s, idea we present some fixed-point theorems for single-
valued mappings on proximity space by using w-distance and some auxiliary functions.
Then, we support our theoretical results with some examples and an existence and unique-
ness theorem.
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