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Abstract

In this paper, delta and extreme shock models and a mixed shock model which com-
bines delta-shock and extreme shock models are studied. In particular, the interarrival times
between successive shocks are assumed to belong to a class of matrix-exponential distri-
butions which is larger than the class of phase-type distributions. The Laplace -Stieltjes
transforms of the systems’ lifetimes are obtained in a matrix form. Survival functions of the
systems are approximated based on the Laplace-Stieltjes transforms. The results are applied
for the reliability evaluation of a certain repairable system consisting of two components.

Keywords Matrix-exponential distribution - Reliability - Repairable system - Shock model
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1 Introduction

Shock models are of special importance in applied probability. Various shock models have
been introduced and studied in the literature. According to the §-shock model, the system
failure occurs when the times between two consecutive shocks falls below a fixed threshold
3. That is, the system breaks down due to the occurrence of two consecutive shocks which
are too close to each other (see, e.g. Jiang (2020), Li (2007), Wen et al. 2017). A mixed
shock model which combines §-shock model by the well-known extreme shock model has
been studied by Wang and Zhang (2005). For the latter model, the system fails if either the
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time between two consecutive shocks falls below a fixed threshold § or the magnitude of a
single shock exceeds another critical level y

For the §-shock model, if X1, X», ... are independent and identically distributed (iid) with
common cumulative distribution function (cdf) F, then the survival function of the system
can be represented as

8
oo
P{Ts >t} = Z(F(a))”’l / P{Si | >t—x}dF(x), (1)
n=1 0
where S, is the nth arrival time of a renewal process whose interarrival times have the cdf
Fx)—-F(@
Fro = FO—F@)
1 - F(@©)

for x > § (Eryilmaz and Bayramoglu 2014).

Using the same method in Eryilmaz and Bayramoglu (2014), Parvardeh and Balakrish-
nan (2015) obtained the following equation for the survival function of the system under the
mixed shock model.

PTs, >t} = (F(8) — F(1) Ij0,5(t)

+Z(G<y>)" LF@)" lfp >t —x)dF()
0

n=1

+F(max {8, 1) G(y) — Z(G(y))" (FO)" P{s;>t}. @

n=2

where G(y) = P{Y; < y},i = 1,2, ... is the common cdf of the magnitudes of shocks.

The expressions (1) and (2) are not efficient since they need the distribution of the sum
of the random variables that follow the common distribution F3* which is quite difficult to
derive even for the case when the common distribution F of intershock times has exponen-
tial distribution. Thus, the study of §-shock models and the derivation of mathematically
efficient formulas for the survival functions are of interest at least for a particular class of
intershock time distributions.

Throughout the paper, the times X1, X», ... between successive shocks are assumed to
follow matrix-exponential distribution with common cumulative distribution function

F(x)=P{X <x}=1+aexp(Sx)S~'s, 3)

where « is a p-dimensional row vector, S is a square matrix of dimension p and s is a p
-dimensional column vector. We write X ~ME (e, S, 5) to represent that the random vari-
able X has matrix-exponential distribution. The density corresponding to Eq. 3 is f(x) =
a exp(Sx)s.

The Laplace-Stieltjes transform (LST) of X can be computed from

—1
Lx)=a(tl,—S) s, “4)

where I, is identity matrix of dimension p.

The non-centralized moments of X can be computed from

E(X*) = kla(=8)~**Dg, 5)
k=12, ..
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For a comprehensive review of matrix-exponential distributions and their sub-class of
phase-type distributions, we refer to Bladt and Nielsen (2017). Asmussen and Bladt (1997)
showed that the Laplace-Stieltjes transform given by Eq. 4 is rational, and it can be
written as

bptP~! 4.+ bot + by
P4 aptP~l 4 tayt+ar’

Zx (1) = Q)

where ay, ..., ap, by, ..., by are real numbers. The Eq. 6 holds true when there is no point
mass at zero. The representation (a, S, s) is then given by,

0 1 0 0 0 0
0 o0 1 - 0 0
0O 0 O 1 --- 0 0
a:(b15b27“~5bp) 9S: . . . . . . , §= . . (7)
o o0 o o0 --- 1 0
| —a; —ax —a3 —a4 --- —ap | L1 ]

The matrix S is called the companion matrix.

The aim of the present paper is to evaluate the reliability function of a system under
8-shock and mixed shock models when the times between successive shocks follow matrix-
exponential distribution. The class of matrix-exponential distributions, as a generalization of
the phase-type distributions, is useful as it includes well-known distributions such as expo-
nential, Erlang, and hyper-exponential which are suitable for modeling interarrival times
between successive shocks. There are various advantages of using matrix-exponential dis-
tributions. They allow us to express distributions and moments in a matrix form as presented
by the Egs. 3-5. We obtain matrix-based representations for the LSTs of the system lifetime
under both models when the sequence of intershock times X1, X, ... follows ME, (a, S, §)
(see Theorems 1 and 2). As it will be shown in the next sections, in general, the lifetime of
the system under §-shock and mixed shock models does not have matrix-exponential dis-
tribution when the interarrival times between shocks have matrix-exponential distribution.
That is, the LST of the system’s lifetime cannot be written in the form of Eq. 6. However,
the corresponding LST can be well approximated by a rational LST which admits represen-
tation (6). Thus, we approximate the survival function of the system by —a exp(St)S~'s
after finding the coefficients in Eq. 6 and then using them in Eq. 7.

The remainder of the paper is organized as follows. In Section 2 , we study the §-shock
model and obtain the LST of the system’s lifetime. Section 3 contains the results for the
mixed shock model. In Section 4, we study the reliability of a two-component repairable
system using the mixed shock model. Section 5 concludes the paper with some remarks and
possible future studies.

2 § Shock Model

Recall that according to the §-shock model, the system fails when the time between two
successive shocks falls below a fixed threshold §. Then, the system’s lifetime is defined by

M
Ts = in,
i=1
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where {M = m}iff {X| > 6, ..., X;u—1 > 8, X, < 8}. We aim to derive the distribution and
hence the survival function of 75 when X; ~ME, (e, S,s),i = 1,2, .... To this end, we
obtain the Laplace-Stieltjes transform (LST) of the lifetime random variable Ts.

In the following Lemma, we first compute the conditional LST of X given {X > §} and
{X < &} which will be useful in the sequel. Throughout the paper, the notation ® denotes
the Kronecker product.

Lemma 1l Let X ~ME (e, S, s). Then, for § > 0,

«(— (1@, +8))  exp((—1 ® I, + 5)d)s

Li)=E@E" | X >8) = e oxp55)S s ®)
and
Ly(t) = E(¢™™ | X <)
[oc (1, —8) 's—a(—(—@I,+85)  exp((—t @I, + S)S)s] o

l1+o exp(S(S)S’ls

Proof Because the pdf corresponding to the conditional random variable (X | X > §) is

f*(x) = I;L;()é),x > §, we have

oo
1
Li(t) = E(¢™* | X >68) = Tm/e_txf(ﬂdx
s
1 o0
= —— | e ™aexp(Sx)sdx. 10
—o exp(S(S)Sls(s/ p(5:x) (10)
Manifestly,
o0 o0
/e”xa exp(Sx)sdx = /oc(exp (—1x )® exp (Sx)))sdx
s s

o0

/Ot exp((—1t ® I, + S)x)sdx
s

—a(— (101, +8) exp(—t @I, + $ds. (11

Substituting (11) in (10), we obtain (8). The proof of Eq. 9 follows from
E@™)=EEe™ | X <OHP{X<8+E@™|X>8P{X > 5}

which yields

L) =Ee ™ |X<8)=— [E(e—’x) —Li(OP{X > 3}] .

P{X <é} O

We are now ready to obtain the LST of the random variable T5. The result is given in the
following Theorem.
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Theorem 1 Let Xy, X5,... ~ME,(a, S,s). Then, for § > 0, the Laplace-Stieltjes
transform of the system’s lifetime is

1

- —1
a(tl,—8) s—a(—(—tQ®I,+S exp((—t @ I, + S)8)s
gy 29 s e (21,5 9) PO
l—a(—(—t®I,+8)) exp(—t®1I,+ S)d)s
Proof By conditioning on the random variable M,
o0
Lp (1) = E(e™) =Y E(e™ =15 | M = m)P (M = m)
m=1
- X m=1 X
-y [E(e*f | X > 5)] E(™X | X <8)P{M =m)
m=1
E(e™ | X <8) & B m
= e L [EE x> 0] Pv =
E(e*fX|X>8)m2::1[ (€1 X >8] P{M=m)
Ly (1)
= Li(1)),
Ll(t)(PM( 1(1))
where @p(z) = % is the probability generating function of M. The proof now
follows from Lemma 1. O

In the following, using Lemma 1 and Theorem 1, we compute the LST of the system’s
lifetime when the intershock times follow exponential and Erlang distributions.

Example 1 Let f(x) = ke ™, x > 0. Then,a =1, S = —A,s = 1, and

A
Li(t) = Hte*“’,

and
ketS(A+l‘) —A

A+ )b+ — )7 (13)

D%Ta (l ) =

Asitis clear from Eq. 13, the LST of the system’s lifetime is not in the form of Eq. 6. That

is, the numerator and denominator are not polynomial functions. Therefore, the system’s

lifetime does not have matrix-exponential distribution. However, for sufficiently large ¢,

using the Taylor expansion Z?:_ol % for the term e the LST given by Eq. 13 can be
approximated by the rational LST

byti™! + -+ bat + by

Dr(t) = , 14
T(S() t‘1+aqt‘/*1+~--+a2t+a1 ( )
where
_@=Dl 5 o6

ap = 5 re (et — 1), (15)

(g—D1] &m2 r8m—l
= , 16
W= T (2 T ! (16)
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form =2, ...,q, and

— 1!

by = (qaq_l) O an
_ (g-Dh

bm = (m — 1)lga—m’ (1%

for m = 2, ..., q. Thus, using the coefficients (15)-(18) in (7), the survival function of the
system can be approximated by

P{Ts >t} = —a exp(St)S_ls, (19)
where @ and S depend on Egs. 15-18.

Remark 1 For the case when f(x) = re™ x >0, an explicit exact expression for the
survival function of T; is available and is given by (see, e.g. (Eryilmaz 2012))

(5]
P{Ts >t} = ef}"z

n=0

(At —nd))"
n! '

(20)

Example 2 Let X;s have Erlang distribution with common pdf f(x) = 22xe ™ x > 0.
Then, X; ~MEx (e, S, s) with & = (3%, 0),

0 1 0
S:[_)\z —2A:| and s:[l].

AZeB(A+t) _ )\‘2 _ )L28()\‘ + [)
(A 4123040 — )2 —228(L + 1)

For sufficiently large ¢, using the Taylor expansion for the term ¢, the LST given by Eq. 21
can be approximated by the rational function

by1t? + byt + -+ byt + by

From Theorem 1,

L1y (1) = 2D

L) = , 22
Ta() tq+1+aq+1tq+"-+a2t+a1 (22)
where o
ay = (q(sq__l)')»zef‘s’\(eM —1—298), (23)
1!
a = (qsqfl) re 0 (Ase™ + 2e5 — A5), (24)
— 1) 8m73 2)»5”172 Azam—l
m= € + , (25)
s [m=3)! m-2! (m—1)!
form =3, ...,q, and ag11 = 2A1 + ‘IT—I’
—1)!
by = (qaq_l) 32e PR (h _ 1 1), 26)
(g—D!' , _
by = %(17_2)\26 5}»(65}. _ 1), (27)
— D2
by = M 28)
(m — 1)159-m

form =3, ...,q and by, = 0.
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Remark 2 1f the intershock times X1, X», ... have matrix-exponential distribution of degree
p, then the distribution of the system’s lifetime can be approximated by a matrix-
exponential distribution of degree p 4+ g — 1 for sufficiently large g.

An approximate value of the survival function P {75 > t} can be computed using the
coefficients (23)—(28) in (7) and P {Ts >t} = 1+« exp(Sx)S_ls. To observe the per-
formance of the approximation P {Ts > t} that is based on Eq. 22, some numerical results
are presented and compared with the simulated values of P {Ts > t} when the intershock
times have Erlang distribution with mean % . The simulation results are based on one mil-
lion replications. With the simulation study, we aimed to observe the effect of the increase
in ¢ on the approximation. Therefore, the approximated values of the survival function have
been presented not only for small values of g but also for its larger values. From Table 1,
it is observed that the proposed approximation performs quite well even for small values
of g. Thus, to avoid the computing time delay, the use of small values of ¢ seems suit-
able and efficient for a good approximation. Because the dimension of § increases as g
increases, approximate values of the survival function can not be computed for some values
of the parameter A and § when ¢ is large. However, it does not pose a problem since the
approximations are satisfactory for small values of g.

We have illustrated the approximation of the Laplace-Stieltjes transform of the system’s
lifetime by matrix-exponential distributions when intershock times have exponential and
Erlang distributions. In the sequel, we generalize the method for obtaining an approximation
for the case when intershock times have a matrix-exponential distribution of degree p. That
is, we obtain an approximation for the LST given by Eq. 12. To this end, we follow the inver-
sion formula for the Laplace transform of rational functions. Let .Z(¢) = fooo e ™ f(x)dx,
and

bpt?™ !+ 4 byt 4 b
tP+aptP~l + - +axt +ar’

If the roots r1, 7, ..., 1, of t¥ + aptp_l + -+ 4+ ast + a; = 0 are all distinct, then

L) =

P
fO) =) cie™, (29)
i=1

where 1
"7 -+ bori + by

1
pr! ™ vapy(p—Drf
i=1,2,.., p(see, e.g. (Longman and Sharir 1971))

bpr

Ci =

’

Lemma2 Let X ~ME,(a, S, s) with Laplace-Stieltjes transform given by Eq. 6. Then, the
Laplace-Stieltjes transform of the system’s lifetime is

i Ci e(St_ f Ci 65"1'
t—r; t—r;

i=1 i=1
(1) = ! , (30)
eaz_zltiizrl_ear,-
i=

where ry, 2, ..., ¥ are distinct roots of the equation t? —i-aptp_l +---4axt+a =0, and
bprip_l + -+ bori + b
1 —2

prl” Hap(p—Dr "+t

, 3D

Ci =
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Proof Recall from the proof of Theorem 1 that

(?)
L1, (t Lo t 32
7:(1) = L()</)M( 1(1)), (32)
where @ (z) = % Using Eq. 29,
T 1 o
i
Li(t)= —— [ e f(x)dx = P bt—ri), 13
10 1—F(5)fe fxdx 1—F(8);t—r,-e G9)
S =
and
Lat) = —— [E(e_’X) —Li(OP{X > 3}]
P{X <}
| P P
— 78(t7r,') . 34
F(8)|:Zt—r, ;t—r, ] (34
The required result is obtained by substituting (33) and (34 ) in Eq. 32. O

The following result is readily obtained using Zq ! [‘Slt] for the term €%’ in Eq. 30.

Theorem 2 Let X ~ME, (e, S, s) with Laplace-Stieltjes transform given by Eq. 6. Then,
for sufficiently large q, the Laplace-Stieltjes transform of the system’s lifetime can be
approximated by

ME

P og—
ci ) j . .
§ § 11 ( t) lizri eﬁrr

0 i=1

2, (1) = : (35)

sl

2 Ci 657',
j=0 " i=1

t—ri

M“u

where ry, ..., rp and cy, ..., ¢, are defined by Lemma 5.

To sum up, the method for approximating #7;(r) by the rational function jr(; (t) for
given intershock time distribution which has matrix-exponential distribution of degree p
and Laplace-Stieltjes transform (6) involves two main steps. First, the roots 7y, r2, ..., rp of
the equation ¢? +a,,tp_1 +- - -4axt+a; = 0 are obtained. Then, using these roots in Eq. 31,
the coefficients cy, ..., ¢,, are computed. Substituting r1, ..., and ci, ..., ¢, in Eq. 35, the
approximation is obtained.

3 Mixed Shock Model

According to the mixed model, the system fails if either the time between two consecutive
shocks falls below a fixed threshold & or the magnitude of a single shock exceeds another
critical level y, for §, y > 0. Let X,, and Y,, denote respectively the time interval between
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(n — 1)-th shock and nth shock, and the magnitude of the nth shock. Then the lifetime of
the system is defined by the random variable

N
Ts,y = Z Xi,
i=1

where {N =n} iff {X1 >8, Y1 <y,..Xy—1>8,YV, -1 <y,(X, <6 VY, >y)} for
n=1,2,...

Theorem 3 Let Xy, X5,... ~MEy(et, S,s). Then, for 6,y > 0, the Laplace-Stieltjes
transform of the system’s lifetime is

XT,;,V ) = o (tlp - S) s— o (_ (—l ® Ip:li_ S)) exp(—t @I, + S)S)s’ 36)
L—na(=(-t®I,+S)) exp((—1®1,+ 5)é)s

wherery = P{Y < y}.

Proof By conditioning on the random variable N, we obtain

EeX|X<8orY >y)

Ee™X | X >8,Y <y)),
Ee X | X=38.v¥ <y NEET1X>0Y=Y)

nggyy (t) =

where ¢y (z) = % is the probability generating function of N. Because X;s
and Y;s are independent, B
PIX<5VvY>yl=PX<S}P{Y <y}+P{Y >y}
=1-=0-rpr,
where r; = P {X < §}, and
Ee ™| X>8,Y<y)=E@E™|X>8=L@).
On the other hand,

Ee™)—Li)P{X > 38} P{Y <y)
P{X <38}P{Y <y}+P{Y >y}
E(e™™) — (1 —r)r L1 (1)

Ee™ | X<8VvY>y=

11— —rpr
Thus,
E(™*) = (1 =r)nLi()
L (1) = . 37
O = T T om0 on
The proof now follows by substituting (4) and (8) in Eq. 37. O

Example 3 Let X;s have Erlang distribution with common pdf f(x) = A%xe ™%, x > 0.
Then, from Theorem 2,

A2(1 4 81)ed — (1 = r)ra(1 4+ 8(h + 1))

1,0 = A +0)2(A + 80 — (1 —rpri2(1+ 8 +1)

(3%)
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For sufficiently large ¢, using the Taylor expansion for the term ¢, the LST given by
Eq. 38 can be approximated by the rational function

g+119 + byt byt + by

Ly (1) = ’ &
Ts.y - lq+1+aq+1tq+...+a2t+al ’
where
(g — DA -1 —r)r)
a; = 1 sa—1 = “o
(g — D![A28(1+81) — (1 — r)ra?8 + 22(1 + 81)] (41)
a) = ’
2 (1 +8x1)89-1
UV Y s 2)
"ol {(m=3) m—=2)! " (m—1]
form =3, ..,q,and ag41 = 2X + qs;l
(@ — DA =1 —=r)r)
b = -2 a1 =, @
b (g — D281+ 81 — (1 — rprl (44)
2= (1 + 8x)84—1 ’
(g— Dl
= G Dy )

form =3, ...,q and by = 0.

Corollary 1 (a) Ifro = 1, then the mixed shock model is same with the § -shock model, and
hence (38) is reduced to Eq. 12 when r, = 1.

(b) If § = 0 and r1 = 0, then the mixed shock model is same with the extreme shock
model. In this case, the LST of the system’s lifetime is

(1 —r)E(e™'X)
1 —rpE(e1X)
(1 = r)bptP~l 4o (1 = r2)bot + (1 — r2)by
tP + (ap — rsz)ﬂ’*l + -+ (a2 — b))t +a; — by’

chQ‘y (t) =

Therefore, the system’s lifetime has matrix-exponential distribution with representation
(etys Sy, 8,), where

a, = ((1 —=r2)by, ..., (1 —r2)by)

B 0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
S, = s
0 0 0 0 1
| —(a1 —r2by) —(az — r2b2) —(az — r2b3) —(as —r2bg) --- —(ap — r2bp) |

ands, = (0,...,0,1).

@ Springer



226 Methodology and Computing in Applied Probability (2022) 24:213-231

4 Application

Consider a system consisting of two identical components. At time ¢t = 0, both of the two
components are new, and component 1 starts working first, while component 2 is in a cold
standby state. The standby component is put into operation when the active component
(component 1) fails, and a repair action is immediately taken for component 1. Assume
that the repair time for a failed component is fixed as §, and the component is as good as
new after repair. A damage of random size occurs upon the failure of a component. Let
Yi 41 denote the size of the damage for the component who lives X;, i = 0, 1, 2, .... If the
magnitude of the damage is above y, then the unit cannot be repaired and hence the system
fails after the failure of the standby component. Such a repairable system fails either if one
of X;s is less than or equal to 6 or the size of the damage for a failed component is above y.
Thus, the lifetime of the system is represented by

where the random variable N is defined by
{N :n} ]ff {Xl > 87 Y] E ]/7-~~7Xn—] > 8, Yl‘t—] E )/7 (Y}’L > J/ \% Xn E 87 Yn E V)}~

Figure 1 presents two possible realizations of the system. In Fig. 1a, the system failure
occurs due to a critical damage which makes the component nonrepairable. In this case,
N =3 and Y3 > y. In Fig. 1b, the system fails since the repair time exceeds the lifetime of
the active unit. That is, N = 3 and X3 < 4.

The LST of the system’s lifetime is

Lr(t) = E(e™).Zy, , (). (46)
If X1, X3, ... ~ME, (a, S, 5), then, using Eq. 36 we obtain
Lr@) =a(tl,—S) s
y |:Ot (I, — S)7l s—na(—(—te1,+ S))71 exp(—t @ I, + S)S)s:|
1—rya (= (—t®1,+5)) " exp(—t ® I, + 5)8)s

(a) (b)

Fig.1 Two possible realizations of the repairable system
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For an illustration, let f(x) = A%xe™**, x > 0. Then, using the approximation given by

Eq. 39 for Z7; , (t) in Eq. 46, the LST of the system’s lifetime 7' can be approximated by

q .
A2 Z bip1t'
Lr(t) = =0 .4

q+1 )
193 4 20+ agy D192 4 3 (M2ai + 2ha; +ai-)t + A2a
i=1

where a9 = 0, a442 = 1 and ay, ..., ag+1, by, ..., bg+1 are given by the Egs. 40-45.

In Table 2, we present approximate values of P {T > ¢} based on Eq. 47 for selected
values of the parameters. Simulated values of P {T" > ¢} with one million replications are
also included in the Table 2.

5 Summary and Conclusions

In this paper, we have studied §-shock model, and mixed shock model which combines §-
shock model by the extreme shock model. The novelty of the paper lies in the consideration
of the class of matrix-exponential distributions for modeling intershock times. Although
the lifetime of the system under §-shock or mixed shock model does not have matrix-
exponential distribution, as illustrated throughout the paper, it has been well-approximated
by matrix-exponential distribution.

As a future work, these models can be generalized by defining a more general waiting
time random variable for the failure of the system. For example, the occurrence of k consec-
utive intershock times which are all less than §, or the occurrence of k consecutive critical
shocks which are above y (see, e.g. (Eryilmaz 2012), (Koutras and Eryilmaz 2017)) might
be considered.
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