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Abstract

Traditionally, the singular value decomposition (SVD) has been used in rank and subspace tracking methods. However, the
SVD is computationally costly, especially when the problem is recursive in nature and the size of the matrix is large.

The truncated ULV decomposition (TULV) is an alternative to the SVD. It provides a good approximation to subspaces for the
data matrix and can be modified quickly to reflect changes in the data. It also reveals the rank of the matrix.

This paper presents a TULV updating algorithm. The algorithm is most efficient when the matrix is of low rank. Numerical
results are presented that illustrate the accuracy of the algorithm.
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1. Introduction

The singular value decomposition (SVD) has important applications in signal processing where reliable
computation of the numerical rank, as well as the numerical range, null (noise) and dominant singular (signal)
subspaces are required. Unfortunately, it is computationally expensive and difficult to modify [11]. This can be a
drawback for recursive problems that require a simple matrix update when the new row is added to the matrix as
happens in subspace-based signal processing and applications where the numerical rank and numerical subspaces
are to be tracked. Therefore, alternative decompositions that enable the use of the existing results for incorporating
changes in data are desired.

The rank-revealing QR decompositions (RRQR) [4,5], the rank-revealing URV decomposition (URV) [14] and
the rank-revealing ULV decomposition (ULV) [15] have been considered as alternatives. Recently, Barlow and Erbay
proposed the truncated ULV decomposition (TULV) [2].

The following notation is used throughout the paper. Matrices are represented by bold upper-case characters and
column vectors by bold lower-case characters. ei is the i th unit vector with the appropriate dimension. I is the identity
matrix. ‖ · ‖ and ‖ · ‖F denote the two norm and the Frobenius norm, respectively.

The TULV is a special case of the two-sided orthogonal decompositions defined by Faddeev, Kublanovskaya, and
Faddeeva [8] and Hanson and Lawson [12].
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Given an m × n matrix A, where m ≥ n and rank (A) = k, the TULV of A is of the form

A = U1LVT
1 + E, (1.1)

where U1 ∈ Rm×k , V1 ∈ Rn×k are left orthogonal, that is, UT
1 U1 = VT

1 V1 = I, L ∈ Rk×k is nonsingular lower
triangular, and E ∈ Rm×n is an error matrix. The matrices L and E satisfy

‖L−1
‖ ≤ ε−1, ‖E‖ ≤ ε, UT

1 E = 0. (1.2)

The value ε is the tolerance or “noise level”. The value k is usually referred to as the ε-rank or the rank “revealed”
by the TULV. It is not the numerical rank unless ε is very close to the machine precision times the norm of A, and, in
practice, ε will often be larger than that value.

Throughout the rest of the paper “rank” will denote ε-rank.
In this paper we develop an O (nk) algorithm for the updating.

Updating. Given the TULV of A, produce the TULV of

Au =

(
aT

A

)
.

Due to memory size and computational complexity only L, U1 and V1 are stored in some large scale
applications [10] where k � n. Thus we need an efficient, stable update routine for these applications.

Updating routines given by Stewart [15], Yoon and Barlow [1,16] and Barlow, Erbay and Zhang [6] store and use
the error matrix E, so they are unsuitable for these applications.

Rabideau [13] developed a URV-based rank-adaptive subspace tracking algorithm with the same complexity, but
the URV is less satisfactory for applications in which an approximate null space is needed [9,15].

In the next section we will present an updating algorithm to get the TULV of Au . Numerical results show that our
algorithm reveals the rank and also produces approximations to subspaces of the matrix Au .

2. TULV updating

An important subproblem in the updating algorithm is that given a ∈ Rn and V1 ∈ Rn×k left orthogonal, find
v ∈ Rn and d ∈ Rk+1 such that

‖v‖ = 1, VT
1 v = 0,

(
V1 v

)
d = a.

Such an algorithm can be found in [3]. The algorithm runs in O(nk) time.
Suppose that the new data a has arrived and we wish to determine the TULV of Au . Basic steps of the updating

algorithm are summarized below.

Algorithm 2.1 (TULV Updating).

Input:

L, k × k lower triangular matrix,

U1, m × k left orthogonal matrix,

V1, n × k left orthogonal matrix,

ε, a rank tolerance.

1. Compute v ∈ Rn and d ∈ Rk+1 such that

a =
(
V1 v

)
d, ‖v‖ = 1, V T

1 v = 0,

and partition d as

d =
k
1

(
f
β

)
.
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Then

Au =

(
0 1

U1 0

)(
L 0
fT β

)(
VT

1

vT

)
+

1
m

(
0
E

)
.

2. Find the smallest singular value σk+1 of the matrix
(

L 0
fT β

)
such that(

L 0
fT β

)
vk+1 = σk+1uk+1.

3. If (σk+1 ≥ ε) then set

L̄ =

(
L 0
fT α

)
, Ū1 =

(
0 1
U1 0

)
, V̄1 =

(
VT

1

vT

)
where

Ē =

(
I − ŪŪ

T
)

Au,

else if (σk+1 < ε) then find orthogonal matrices P, Q with P such that

PTuk+1 = ek+1

and with Q such that

PT
(

L 0
fT α

)
Q =

(
L̄ 0

f̄
T

β̄

)
remains lower triangular.
Take(
Ū1 ū0

)
=

(
0 1
U1 0

)
P(

V̄1 v̄k+1
)

=
(
V1 vk+1

)
Q.

4. Finally,

Au = Ū1L̄V̄
T
1 + Ē, Ē =

(
I − Ū1Ū

T
1

)
Au .

The updating algorithm runs in O(nk) time if only the subspace V1 is required, but if the subspace U1 is also
required, the complexity becomes O(mk).

Theorem 2.2. Let A = U1LVT
1 + E be the TULV of A. Then

E = (I − U1UT
1 )A.

Proof. Since UT
1 E = 0 and UT

1 U1 = I, we have

UT
1 A = LVT

1

from which the theorem follows immediately. �

Proposition 2.3. Let A = U1LVT
1 + E be the TULV of A. Let Au = Ū1L̄V̄

T
1 + Ē be the TULV of Au =

(
aT

A

)
obtained

by Algorithm 2.1. If rank (Au) > rank (A) then

‖Ē‖
2
F = ‖E‖

2
F .
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Proof. By Theorem 2.2,

Ē =

(
I − Ū1Ū

T
1

)
Au

=

(
I −

(
0 1
U1 0

)(
0 1
U1 0

)T
)(

aT

A

)
=

(
I −

(
1 0
0 U1UT

1

))(
aT

A

)
=

(
aT

A

)
−

(
1 0
0 U1UT

1

)(
aT

A

)
=

(
0

(I − U1UT
1 )A

)
=

(
0
E

)
which completes the proof. �

Proposition 2.4. Let A = U1LVT
1 + E be the TULV of A having rank k. Let Au = Ū1L̄V̄

T
1 + Ē be the TULV of

Au =

(
aT

A

)
obtained by Algorithm 2.1. If rank (Au) ≤ rank (A) then

‖Ē‖
2
F = ‖E‖

2
F + σ 2

k+1

where σk+1 is the smallest singular value of
(

L 0
fT α

)
with ‖v‖ = 1, VT

1 v = 0, a =
(
V1 v

)
d and d =

(
f
α

)
.

Observe that if the new data increases the rank then the conditions in (1.2) hold. However, no increase in rank
destroys the rank-revealing character of the matrix. In this case one or repeated use of the refinement algorithm [3,15]
restores it. This algorithm takes the TULV of A and produces a new TULV such that

A = Ū1L̄V̄
T
1 + Ē

where Ū1 ∈ Rm×s , V̄1 ∈ Rn×s , L̄ ∈ Rs×s for s ≤ k such that

‖Ē‖F < ‖E‖F .

3. Numerical experiments

In this section we analyze the performance of the TULV updating algorithm. We tested the algorithm in the context
of the exponential window method. In this method new data a(t) ∈ Rn is continuously added to the data matrix
A(t) ∈ R(m0+t)×n with m0 ≥ n at time t . For each t , t = 0, 1, 2, . . . ,

A(t) =


a(t)T

αa(t − 1)T

α2a(t − 2)T

...

αt A(0)


where A(0) ∈ Rm0×n is an initial matrix and α < 1 is a positive forgetting factor.

Given the TULV of A(t), it is desirable to obtain the TULV of the matrix

A(t + 1) =

(
a(t + 1)T

αA(t)

)
.

Recall that after an update in the exponential window method, the numerical rank can increase, decrease or stay the
same, due to the forgetting factor.
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Fig. 3.1. The plots show some results obtained by Example 3.1.

The examples were run in Matlab 6.5 on a personal computer.
Matlab’s SVD of the window matrix A(t) was used as a reference in checking the accuracy.
Let

A(t) = Y(t) Σ (t) Z(t)T, Z(t) =
(
Z1(t) Z2(t)

)
be the SVD of A(t) obtained by Matlab’s SVD algorithm at step t . Also, let

A(t) = U1(t)L(t)V1(t)
T

+ E(t)

be the TULV of A(t) obtained by our algorithm. In the Davis–Kahan [7] framework, the accuracy of the subspace
errors is characterized by

sin θ(t) = ‖VT
1 (t)Z2(t)‖. (3.1)

We plotted sin θ on the log 10 scale to have a better view of the errors. We tracked the rank of the matrix A(t) and
compared it to Matlab’s SVD. We checked the orthogonality of V1 (t) by computing

‖Ik − VT
1 (t)V1(t)‖

and plotting it. We also computed the decomposition error

‖A(t) − U1(t)L(t)VT
1 (t)‖

at each step t .

Example 3.1. The data matrix A is a 50-by-8 random matrix with elements generated from on the interval (0, 1). To
vary the numerical rank of the matrix, 42 randomly chosen rows of A were multiplied by η = 10−9. The tolerance
value ε for determining the numerical rank was 10−8. The initial matrix A(0) was of size 12-by-8 and the forgetting
factor α was 0.9.

Example 3.2. The data matrix A is a 50-by-8 random matrix with elements generated from on the interval (0, 1). To
vary the numerical rank of the matrix, 42 randomly chosen rows of A were multiplied by η = 10−9. The tolerance
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Fig. 3.2. The plots show some results obtained for Example 3.2.

value ε for determining the numerical rank was 10−8. The initial matrix A(0) was of size 12-by-8 and the forgetting
factor α was 0.1.

The first plot in Figs. 3.1 and 3.2 shows the subspace errors obtained by our algorithm.
The second plot in Figs. 3.1 and 3.2 shows the ability of the algorithm to track the numerical rank in spite of

frequent rank changes. The cross ‘×’ and the circle ‘©’ represent the numerical rank estimates from the TULV
updating algorithm and Matlab’s SVD algorithm, respectively. The horizontal axes represent the window steps.

The third plot in Figs. 3.1 and 3.2 shows that V1 (t) is numerically orthogonal at each window step t .
The fourth plot shows the accuracy of the decomposition obtained from the TULV updating algorithm.
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