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SOME APPROXIMATION PROPERTIES OF KANTOROVICH
VARIANT OF CHLODOWSKY OPERATORS BASED ON
¢—INTEGER

ALI KARAISA AND ALI ARAL

ABSTRACT. In this paper, we introduce two different Kantorovich type gener-
alization of the g—Chlodowsky operators. For the first operators we give some
weighted approximation theorems and a Voronovskaja type theorem. Also, we
present the local approximation properties and the order of convergence for
unbounded functions of these operators . For second operators, we obtain a
weighted statistical approximation property.

1. INTRODUCTION

In 1997, G. Phillips [21] introduced the generalization of Bernstein polynomials
based on g—integers. The author estimated the rate of convergence and obtained a
Voronovskaja-type theorem for the generalization of Bernstein operators. Recently,
generalizations of positive linear operators based on g—integers were defined and
studied by several authors. For example; Karsli and Gupta [3] introduced the
following g—Chlodowsky polynomials defined as:

n [k} n 2 kn—k—1 o n—k
(Cn,qf) (x):Zf an |: k ] () H (1_(]1) , 0< 2 < by,
= \[ g \bn/ i bn
where b,, is a positive increasing sequence with b,, — o0o. They investigated the rate
of convergence and the monotonicity property of these operators. For more works,
see references [4, 5, 6, 7, 8, 9, 10].

In this study, we define Kantorovich type generalization of g—Chlodowsky op-
erators. We examine the statical approximation properties of our new operator by
the help of Korovkin-type theorem in weighted space. Further, we present the local
approximation properties and the order of convergence for unbounded functions of
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these operators. Furthermore, we prove and state a Voronovskaja type theorem for
our new operators.
The Kantorovich type generalization of g— Chlodowsky operators as follows:

k411,
T,
eyt =, S0t | 1| P [ s
k=0 1 (Flg
Tlg
n—=k

k
where n > 1, ¢ € (0,1] and P2, (z) = (%) (1 - ﬁ)q

Assume that f is a monotone increasing function on [0, b, ], then using (1.2) one
can easily verified that C4 (f;z) are linear and positive operators for 0 < ¢ < 1.

Let us recall some definitions and notations regarding the concept of g— calculus.
For any fixed real number ¢ > 0 and non-negative integer, the g—integer of the
number 7 is defined by

[n]q — { (I=¢")/1=-q), q¢#1

1, q=0

The g—factorial [n] ! is defined as following

[n],! ::{ gf]q[n_l]q”'[l]q’ Zil(\)l

The g—binomial coefficients are also defined as

n] !
K } - [k}q![[n]q Al sksn
The g—analogue of the integration in the interval [0, 4] is defined as (see [11])
b e}
/f(t)dqt =(1-gb>_ fl@’b)g, 0<qg<1.
0 Jj=0

Over a general interval [a, b], one can write

/bf(t)dqt:/bf(t)dqt—/af(t)dqt. (1.2)
0 0

a

Further results related to g—calculus can be found in [1, 2].

2. SOME BASIC RESULTS

We need the following lemmas for proving our main results.



[n]q

SOME APPROXIMATION PROPERTIES
Lemma 2.1. By the definition of g—integral, we have
_ 4
[n]g’
bng*
- (210K, + 1),
[n]tzlp]q [ ]q[ ]q
b2q" 2
= —3 3], [kl + (2a + 1) [K], + 1),
[nl; (3], ( o ! )
= baqk ([4]q [k]g + (3¢ +2¢+1) [k]z +(3qg+1) [k], + 1) ,
[n], (4],
b4qk 4 3
= = [5], [K], + (4¢° + 3¢* + 2q + 1) [K]
[nl; 5], { e !
+(6¢° + 3¢+ 1) [K]2 + (4q + 1) [k], + 1} .
The following equalities hold.
.
k Pg,k ('T) = I
dq
T -1
"] e = Pl b
Ig ™ [n], [n],
n ] P! (z) = ¢’ n— l]qg[n 2]11373 + (¢ +24) [n — 1], b,
lg 7 [n], [n]
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W] o otk
k:Obn[ }3 |: k :|an,k( ) - [n]i
+q3(q2+2q+3)[n—l]q[n—Q]qbnxS
[n],
q(*+3q+3)[n—1],b2 ,
3 T+ —3T.
[n], [n],
Proof. Using the equality
[n]q = [ilq "‘qj[” —Jjlg: 0<j <, (2.1)
we have
W 0] g
kz_ob”[n]q{k}qpn,k() - )
0] e el 1] e
];bn[n]z{k‘}qpmk() - i n[n]q|:k._1 :|an,}~:()
= QQ[k_l]q+1 n—1 q
- Z n [n] {k‘—l] Py ()
k=1 q q
b2 n—1 q n
= [q]qkz_l[k_l]q[k_l:|an7]€(1:)+[71](1$
_ SN n=2] pe gy be
- [, kz_z[k—szn,k(H[n]q
arln—1, &K n-27 ., n
T, 2[ k me’“”(x”[]qm
_ qln— ]qxz b”x
T, T,
and
- o[ n N 1 P |
32 4 4 (r) = 34 4 (r
_ b?zQ - 112 n—1 4 (o
- TEXw 11q[k1]qpn,k<>
b22q & n—1 @y in n—1 ¢y
+[n]z k:1[k ”q{k 1]ank()+[n]L2]kZ_1|:k 1]an,k()
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2bin71 n n —
Wg[k_l}q{k_g]qu,k(x)
200 [~y g~ [n=27 po (o, ba
o ghQL%“”m
3bf’ln—1q i n— q
wgwﬂ_ﬂq{k_iLPMMx)
oy n— 1, SN[ n—2 2gba[n—1], , b2
P! (z)+ ——Lx* + g
[774]2 ];2[ kE—2 :|q n,k( )+ [n]z +[n]§
q3[n—1]q[n 2]q 3 (q2+2q)bn[n—1]qx2+ﬁx
]’ nl; [l
n q o = 4[k]2 n 1 q
HEICIES - R e
q k=1 q q

["]2 k=1 q
4 n 3
PR o1, | 11| P+ e
[n]q k=1 [n]q
3b4 n—1 n n
= : n[g ]qZ[ 1]3[k_;} Pl (z)
[n]q k=2 q
3¢ n—1] n
q n[S ]qz[k_l]q[lﬁ—;} ng(x)
[n]q k=2 q
3qbfl[n—1]q 2_’_@
[nl; [n];
5b4 n—1 n n
- n[3 ]qZ[kQ]z[k g} ng(f)
[n]q k=2 q
2¢*by [n — 1]
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72 [ng— 1, N 3¢% [n — 1], [Bn 2 b
[n], [n],

3¢%[n — 1] b2 3qn—1] b2 3

q° | 3]q n2 ql 3]q na2 bn3x
[n]q [n]q [n]q

Sn—1], [n—2] bt 2 n—
= vl ][2][3 ]q Z[k_2]q|:k._§:| Pg,k(x)

q k=3
2¢* +3¢3) by n—1],n—2], . (3¢*+3q)b2[n—1 b3
( q q ) [3 }q[ ]qI5+ ( q q) - [ ](11:2_|_ 71,3:0
[n], [n], [n],
qG[n—l]q[n—Q]q[n—iﬂq 4 q3(q2—|—2q+3)[n—l]q[n—Q]qbn 5
= 3 T+ 3 z
[n], [n];
2 2
+3¢+3)[n—1] b 3
q(¢*+3q 2 e L N b—”&x
], [n],
O
Lemma 2.3. The operators defined by (1.1) satisfy the following properties:
Ci(L;z) = 1,
KObn
Ciltiz) = z+ ; (2.2)
[n],
n—1 2
ci(t%z) = aln Uy o | Kaba Koba (2.3)
i, ml, T
3in—1] [n—2 Ks[n—1] b, K.b? 3
Cg (t3;$) — 4 [ ]QQ[ ]q.’L‘3 + q 3[ 5 ]q .’L‘2 + 41)2nx 4 bn =
[n], [n], nl, [, [n],
6 _ _ _ 3 _ —
Ot (tha) — ¢’ [n—1],[n i 2], [n 2}%4 ’Ks [n 1]q3[n 2], bn I
], [l
qKe[n — 1], 07, K:b? b
+ 6 [ 3 }1 $2 + 7 3er + n e
[n], I, Dl [l
for all x € [0,b,,], where
1 @ +3g+2 1
KO = T91 K, = a1 K2 = 51
2, " 3l 3l
K, = CH4CF6a+2 L ' +3¢° 466"+ 5943
[4] ’ (4] 7

q
q® +3¢° +6¢* +10¢® + 9¢* + Tq + 4
5], ’

q

Ky =
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K % +4¢° +11¢* +18¢> + 15¢> + 11g + 5
6 = )
[5],
q* +5¢% +10¢> + 10g + 4
(5] '

K; =

q

Proof. By using definition of C2(f,z), Lemma 2.1 and Lemma 2.2, we get

- k| T qk
cia) = W, Y0k | 1] Pt -1
k=0 q 4q
q - — n S —k n q T qkbn
Cn (tv ) [ ]q kZ:Oq [ k ]qpn,k( ) [Q]Q [N]z ([Q]q[k]q+1)
B n & n . bn
- ho"mh[k]qam()+mgmu
- 7 K()bn
- T,
n k12
Ci () = WL}:M*[Z] 9 (o) L0 (18], 2+ (20 + D H, +1)
k=0 q [3](1 [n]q
32 - n q (o (2‘]+1)b% - @ n 4 (o b%
B %;%{k]q“*() 31, Inl; ;%[L{k}qam()+[gmﬁ
B gln—1, , Klbner Kyb?
- Il [, "~ ]2
For t3, we get
n k
cr(i) = (il Yo [ ] Pr) S {1, W+ (30 + 20+ 1)
r . 4, [l

QN

- ny ] e B R ] e

M - @ n a (o L
e b, K LP“’“ T

P12, K-l , Kb B
5 x° + 5 x° + 5 T+ 3
nJ, [n], [n] [4], [n]
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and finally

n

kpd
o0 | ] P s ],

P q [5], ],
+(46° + 3¢* + 20 + 1) [K];
+ (60 +3q+ 1) [k]2 + (4g + 1) [k], + 1)

_ oy | e

Ci (thz)

o [l
bh (44° + 32 +2q +1) < [k]] { n } ' (@)
5], ] ol LR
b (6¢% +3g+1) < [K2 [ P
Bl, 2 =l [ k } s ()
by (g +1) = Kl [ n . bi
ARy [ k ] e O F el
_ q®[n — 1], [n—Q}q[n—Q]qx4 G Ksn— l}q[n—Q]qbnx?’
[n]; ],
+qKs [n—1],07 2 Kl N bl
] ] [5], [n],

3. WEIGHTED APPROXIMATION

We consider the following class of functions:

Let H,2 [0, co) be the set of all functions f defined on [0, co) satisfying the
condition |f (z)| < My (1+2?), where My is a constant depending only on f.
By C,z2 [0, c0), we denote the subspace of all continuous functions belonging to
H,2 [0, 00). Also, let C*, [0, co) be the subspace of all functions f € C,2 [0, 00),

for which lim L(_?z is finite. The norm on C}, [0, o0) is || f|l,2 = sup,eo, o) %

Now, we shall discuss the weighted approximation theorem, where the approxi-
mation formula holds true on the interval [0, c0).

Theorem 3.1. Let ¢ = q,, satisfy 0 < q, < 1 and for n sufficiently large g, — 1
and [nb]" — 0 with b, — 0o . Let f € C%, [0, c0) and f be a monotone increasing
“lan

function on [0, oo). Then we have

i s [CF %)~ f (@)

2 =0
n—00 0< 4<b, I+a
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Proof. Setting the operators
Ct (f;z) f0<x<by,
*('4n . — n ’
Cn (f,x){ f(x) if z>0b,

and using the theorem in [15] for the operators *Cd~, we see that it is sufficient to
verify the following three conditions

) ) |Can (t¥; ) — x|
* g v _ Y _ n
nllr)r;o e (#,2) = 2"l = nh—{lgo ogsalclgpbn 1+ 22

Since C% (1,z) = 1 the first condition of (3.1) is fulfilled for v =0 .
Using Lemma 2.3, we can write

v=0,1,2. (3.1

Ci» (t2) — L by
sup 5 =
0<z<by 1+ 1+ gy [nlq,
and
|C’Z" (t2;x) — x2| < z2 b, N T @ +3¢g+2 b,
sup sup —5 sup
0<a<b, 1+ 22 T ocasb, LHa? g, o<e<h, L+ 2% @2 +an + 1 [,
n 1 1 b2
su .
(]<m<pbn 1+ 22 g} +qn+1[n];,
which implies that
C’Qn t: _
lim sup M =0
n—00 0< x<b, 1+ 22
and ) )
Ci (t%x) —x
lim sup | L ( )2 | = 0.
n00 0< e <by L+
Thus the proof is completed. O

We know that for f € C,2 [0, co) Theorem 3.1 is not true (see [15]). But we can
give following property of C{.

Theorem 3.2. Let q = g, satisfy 0 < q, < 1 and for n sufficiently large g, — 1

and [Ti’]*; — 0 with b, — 0o . Let f € C,2 [0, 00) and f be a monotone increasing
function on [0, co). Then we have
1 dn . _
n=00 /by, 0<a<by, 1422

Proof. f is continuous function we can write

If ()= f(z) <e

if [t —z| < ¢ and [t — x| > § we have

£ @) = F @) < Cr @) (=2 + (1+2%) |t~ a).
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Thus we can write

P = f @] <e+Cr@) (=2 + (1+22) [t —al).
for z € [0,by,] and t € [0, 00). Since C4» linear and positive operator we have
O3 (fir) ~ f @) < e+ Cp0) O ((t—2)1a)
+Cy (0) (1+2%) CR (|t — 2|3 )
< e+ Cp(6)Cn ((t —z)? ;x)

+Cy (0) (1 +27) \/CZ”’ ((t —)%; x)

From Lemma 2.3, we have
Cir (f52) — f (@) £ z (3b, — ) by,
<
1+ 22 S 2 P90 Ty, ()3,
n x (3by, — ) n b2
("], [nl3

an |

and

Con (i) — £ ()] | @2 B2
s - < e sup ——+Cp(0 n
I A e o2 Ty PO T, T e

x (3b, — x) b2
*V om +MP|

an
3b b? 3b2 b2
< e+ Cr(d) | ——+ —= & &
! [M% m2, "\ o, " [0I2,
Therefore
1 Cin 5 — 3 bn bi/2 Sbn bn
wp 1CEUD @ e o 3V L
b 0<2<b, l+z Vo, [nlg, — [nI3, [nlg, I3,
which proves the theorem. ([l

4. VORONOVSKAJA TYPE THEOREM

Now, we give a Voronovskaja type theorem for CI(f,x).

Lemma 4.1. Let q := (q,), 0 < ¢, < 1, be sequence such that ¢, — 1 as n — o0.
Then, we have the following limits:

(1) limy, oo 52 Clr (¢ — 2)%,2) = @

2
(i) limy_ oo Man

b Cin((t — )% 2) = 222,
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Proof. (i) From Lemma 2.3, we have

z? b @ +2¢2 + 3¢ b2
Con((t—z)%x) = — + — o L _z+ & . (41
(=) ) = o o @+ 28 + 200 417 (@ T g+ D, )

Then, we get
[l ) w2 gh+ 22 43, bn
771,07(1171 t— T :_7_'_ n n .Z‘+ .
b, (( )5 @) b @ +2¢2+2q,+1 (a2 + an + 1)[n]q,

Let us take the limit of both sides of the above equality as n — oo, then we have

lim %{Cﬁ"((t—m){m)} = lim

n—oo

z? @ +2¢% + 3q,,
bn G +2¢2+2g, +1

b
+
(q% + qn + 1)[”](]71 }

= X.

(ii) Again from Lemma 2.3 and by the linearity of the operators Ci~(f,x), we
get

Ca((t— x)4, x) = D17n$4 + Dg)n$3 + D;;mgzj2 + Dy px + D5 p,

where
D1 — qg[n_ 1]‘171 [n_Z}Qn [n_g]Qn _ 4q’§b[n_ 1]‘1n[n_2]‘Zn + 6qn[n— 1]q” _3
’ ]2, ]z, P
3ln —1 -2 4K -1 }
Dy = {qn [n ]qg[n ]qn Ks.q, — 3,ann[n ]qn + 6Kz, — 4K0,qn} @
[n] In (1], (1],
qn[n — Hq } b?:
1)37 = {nK& n + 6K1, n 4[(47 n —,
" rs ! ! " J )2,
4 b3
Dy, = K — n
B { TG A g g+ 1} [nf3,
1 b
D5,n = L

g+t g+ 1 n]d
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and
1
K = ,
O 1+ qn
2
2+ 3qn +2
Kl,qn = ‘127(1’
i +aqn+1
1
K . E—
2o @2+ g, +1
Ko — Gnt3d+6g5 +50,+3
3,qn q% +q%+qn+1 )
@ + 42 + 6q,, + 2
Kyg, = 3 ) )
antqn+an+1
K 45 +3q) 4 64, +10g3 4+ 9¢2 + Tgn + 4
9,qn q% +q%+q%+qn+l )
K @5 +4¢0 4+ 11¢% +18¢3 + 15¢2 + 11g, + 5
e GHE+a+an+1 :
qp +5¢3 4+ 10g2 + 10q,, 4 4
Krg = )

G + a5 + a5 + a0+ 1

By (2.1), we get

2
hnl[nL"{DLn}
= an& —(1—gn)?[n]2 +[nlg, (63 +3q% — 1) — (g3 + ¢ + 2qn + 1)

e B2 b2 [n],, b2

dn~n

n—oo

. (g —1D(1—q?) ¢ +3¢2 -1 ¢ +q¢+2q,+1
_ 1 n n n _1In n — O 42
i { g (Wb “2)

Again, by using (2.1), we have

Pl e
{ [n] 25 (K5,qn7 UKD+ 6K g, — 4K04,) + [y, (4K3 g, = G0 = 2)(gn + 1)Ko, }
[n]3.
Taking the 7lli]gut of both sides of the ;Libove equah \;ve git 6Ky, — 4Ko, )
nh_)néo ?qn (Dy,} = nh_{r;o Jan (K54, ,qu : sdn Jdn

4K3’qn —gn — 2 (qn + ]-)KG,qn
" bn, " P
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Since lim,_ oo M =0 and lim,,_, oo % = 0, we have
lim [n]gn (Do} = lim { [n]g, (K5, — 4K3,4, +6K24, —4Ko,4,) }
n— oo b% " n— o0 bn

C { ¢ (1 —gn)(1 — qp)

(gn +1)(gp + g7 + qn)
(g +3q7 +6q% +9¢> +12¢% +9¢3 +8¢2 + 7q,, +5) }
' @+ + @+ 2+t Dby

n—oo

= 0. (4.3)
Finally, using (2.1), we get
n)? K
lim [ ]q" {Dgn} = lim _&‘i_K(jq +6K1q —4K4q
Wi gy Pend = A T, T e ¥ e T B,
= Kegq, +6K1 4, —4K4q, = 2. (4.4)
It is clear that
(3,
nlLII;o b2 {D4’n$ + D5’n} =0.
By combining (4.2)-(??), we reach the desired the result. O

Theorem 4.2. Let f € C,[0,00) such that f', f"" € C*,[0,00). Then, we have

tim P (0 (1) — f() = 5 (@) + 2 ()

n—oo n

Proof. We write Taylor’s expansion of f as follows:

£(8) = F@) + £ @)t~ 2)+ 31" @)t~ 2 + (b, 2)(t ~ 2)°,

where e(t, ) — 0 as t — x. By linearity of the operators Ci"(f,z) we get

o (fe)—f(z) = f’(ﬂﬂ)CZ”((t—w),w)+%f”(w)cﬁ”((t—w)27$)+CZ" (e(t,2)(t — 2)* ).

From Lemma 2.3, we have (]

bn,
O (1) @) = 1) G
1 7 372 bn q?z + 2q’r2L + 3Qn b%
+§f (z) <_ [n]qn + [”}qn @3 +2¢2 4+ 2q, +1 (@2 +qn + 1)[”]?1”)
+Op (e(t,2)(t - 2)%, )



110 ALI KARAISA AND ALI ARAL

For the last term on the right hand side, using Cauchy-Schwartz inequality, we get

lim [T;}iC’Z" (e(t,z)(t—2)% ) < lim Ci" (e2(t, ), x)

n—oo n n—oo
irs

-\/lim — Ol ((t— )4, z).

2
Since lim,, oo C4» (%(t,2),2) = 0 and by Lemma 4.1(ii) lim,, o0 [T;]%Cﬂf ((t—2)*, 2)

is finite, we have lim,,_, o [T;]#an (E(t7 z)(t —2)?, a:) = 0. Therefore, we obtain

<x2 a, + 245 + 3q,

by @A 2G2 4 2 1
b !

SR SR L

(@2 + qn + 1)[n]q, 1+qn

]‘ / T 1
= SF@+ 3 @),

. [n}qn an o 1., .
tim o (0 (.2) — fla)) = Lf7(a) Jim

n—oo n n—oo

This step completes the proof.

5. LOCAL APPROXIMATION

In this section, we give a local approximation theorem regarding the our opera-

tors. The Peetre’s K-functional is defined by
Ky (f;0):=  inf — 5llg”
2(f30) = it {If =gl +01"l}-

where C%[0,00) = {g € Cp[0,00) : ¢',¢" € Cg[0,0)}, Cp[0,00) denotes the space
of all real-valued bounded and continuous functions.

By using Devore-Lorentz theorem (see[19], Thm 2.4, pp.177), for f € Cg[0,0)
and C' > 0 we have

Ky (f:6) < Cws (f; \/5) (5.1)

where ws is the second modulus of continuity of f.
In this section, we need the following lemmas for proving our main theorem.

Lemma 5.1. Let g € C%[0,00). The following inequality holds:

Ci(g:2) ~ 9 (@)| < ©u@) ",

2
where On(z) = Ea= + far o P

Proof. Let us define auxiliary operators

G (f;0) o= CZ(fw)—f(erlJqu[Z’f ) +1 ().
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It is easy to see that C¢ (t — x;x) = 0. Let g € C3[0,00). By using Taylor expansion
of g, we obtain
¢

mw—g@w:u—m¢@0+/<v—mywwdu

x

Applying the operator C',‘{ to the above equality, we get

([ - @)

Cl(giz) — g ()

I
Q\
—

8
~
<2
—~

~
I
&

8

~
I
2

Thus, we have

t
CZ(g;fc)Jrg(x)‘ < C:{(/ (t—u)g”(u)du;x)
aasTion 1 b )
T+ ——" —u w)dul .
/ ( tram, “) W

1 bp 2
/ SN (S S " () du| < | D |
T+ ————u u)du| < | ———
. Ttqm, )7 Ttqml, ) I

We can write

+

Since
"

g

<(t-a)?|

[ =g @

we get

"

"

g

ori-sto] < fen(o-e) + (o)

Then, by using Lemma 2.3, we may write

i (5:2) = 9 ()] < €. .

Theorem 5.2. If f € C [0,00) we have
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|CE(f;2) — f(2)] < Cws <f,;\/®n(fv)> +w (f; b”) ;

[n],
where C > 0 is a constant.

Proof. Assume that f € Cp[0,00) by using the definition of C9 (f;z), we get
CL(fsa)~ F @) < [CL( —gi)| +1(7 — ) @)] + [CL (g0) — g ()

1 b,
+ |f<z+1+q[n]> - f ()

q

and
68 ()| < 171 €8 () + 20151 = 3171

Thus, we obtain

C3 (fra) = f (@) <4f -9l +

C’Z(g;x)—g(ff:)’w(f;b")

[,
and using Lemma 5.1,
1 by,
cx i) = r@l<a (17 =gl + J0ul) g1 +o (f; w) .
a
Taking the infimum over all g € C%[0, 00) on the right hand side of above inequality
and using (5.1), the proof is finished. O

6. RETE OF CONVERGENCE IN WEIGHTED SPACE

We know that usual first modulus of continuity w (§) does not tend to zero, as
d — 0, on infinite interval. Thus we use weighted modulus of continuity Q (f, )
defined on infinite interval R (see [18]). Let

L fEeh - f @)
Q)= s A1+

Now some elementary properties of Q (f, §) are collected in the following Lemma.

Lemma 6.1. Let f € C*, [0,00). Then,

for each feC,2[0,00).

i) Q(f,0) is a monotonically increasing function of d, § > 0.
ii) For every f € C%,[0,00), gir%ﬂ (f,0)=0.

iii) For each A > 0,
Qf.A) <2(1+A) (1+6%)Q(f,6). (6.1)
From the inequality (6.1) and definition of Q (f,d) we get

If(t) = f(2)] <2(1+27) (1+(t—m)2) (1+ |t;x|) (1+35%)Q(£,0) (6.2)
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for every f € C,2[0,00) and z,t € RT.
Theorem 6.2. Let 0 < ¢ <1 and f € C,[0,00). Then, we have

CE ) = F @ _ o <f b, )

0<x<bn (1+ a:2)3 []g,

where C is an absolute constant.
Proof. Using (6.2) , we get
G (fix) = f(@)] = CR(f () - f(@) =)
< 2(1+42) (1+0%) Ct <(1+(t—x)2) <1+ 't;x|> x) Q(f,9)

also we can write that

ok ((1+(tz)2) (1+ |t6x|> x)

= 140 ((t-2)52) +%C’f{(|tfx|;x)+%03 (1t =2l —2)52)

< 1400 ((t—w)2;m) +(15\/03 ((t—x)z;m>

+(1S\/C% ((t—w)z;m)\/c‘% ((t—$)4;$).

From (4.1) and (??), we know that

ca ((t—x)Q;m) =O<[b”> (2 +z+1)

nlq,
and )
b
q _ 4. _ n 4 3 2 1
C’n((t x) ,x) (’)([nE)(m +zt+a®+r+1).
Choosing 6 = [75’]2 we have

|Co (f, @) — f ()]
< 2(1+2?) (140%) ¢t ((1+(t—x)2) <1+ |t_5m|) a:) Q(f,0)

< 4(1+x2)Q<f, VZ”)

><<1+(9< br )(x2+x+1)+\/m\/0( bg; )(x4+x3+w2+x+l)>,

[1]q., [n] qn

which proves the theorem. ([
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7. STATISTICAL CONVERGENCE OF CY (f;x)

In 1951, Fast [14] and Steinhaus [22] defined the notion of statistical convergence
for sequences of real numbers as:

Let M be a subset of the set of natural numbers N. Then, M,, = {k <n:ke M}.
The natural density of M is defined by §(M) = lim,, 2| M, | provided that the limit
exists, where |M,,| denotes the cardinality of the set M,,. A sequence x = (zy) is
called statistically convergent to the number ¢ € R, denoted by st — lima = ¢. For
each € > 0, the set M, = {k € N: |z}, — | > €} has a natural density zero, that is

1
lim —{k<n:|zr—{ =€} =0.
n

n—oo

This concept was used in approximation theory by Gadjiev and Orhan [16] in
2002. They proved the Bohman—Korovkin type approximation theorem [12] for
statistical convergence. Currently, researchers studying statistical convergence have
devoted their effort to statistical approximation.

In this section, we examine the statistical approximation properties of the C (f; z).

Theorem 7.1. ¢ :=(g,), 0 < g, <1 be a sequence satisfying the following condi-
tions:

= 0. (7.1)

st— lim ¢, =1, st — lim ¢, =a, st— lim
n—oo n—oo n—oo [n}q

Let f be a monotone increasing function on [0,00) then,

st — lim [[C3 (f) = fll,> = 0.

Proof. Since C4 (f;z) is a linear-positive operator, if we show that
st —limy, o ||C (e;) — €4]|,,2 = 0, where e; = x*,i = 0, 1,2, then we are done. It
is clear that

st — lim ||Cl" (eo) — eol|,= = 0. (7.2)
Using (2.2), we get
1 b,
O o _ n
( " (61) el) 1+q’n [n]q",

Let € > 0, then we define the following set:

K= A{k: O (1) —eall,2 > €}

I
—
—
+ =
(=}
B
E‘@
s =
Ead

\Y%

o
——

One can obtain that

1
5{k<”1C?Lk(€1)—€1||zz>5}<5{k‘<n: bk}

Thus, we get
st — lim ||Cl" (e1) —e1]|,2 = 0. (7.3)
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Using (2.3), we can write

2 243 2 b, 1 b2
(O (e2) — ea) = 4 g Bt S0 T2 O | .
[n]qn qn + dn + 1 [n]qn qn + dn + 1 [n]qn
Thus, we get
1 @ +3q,+2 b, 1 b2
G (e2) — €2l < - leallpe + 57— leills + 57——=—5-

@+ +1 [n], G+ Gn + 1 [n]?

dn

Let € > 0, we define the following sets:

U= {k:=|[ClF (e2) —e2ll,» > €},
a? 5}
U, = k= > -5,
{ [k, — 3
qk + 3q +2 bk €
U2 = = —
2
Us .= k.= i E
(qk +aqr+1) 3

It is clear that U C U; U Uy U Us. Thus,

2
S{k<n:||C% () —es]o >} < 5{k<n; a >§}

+4 I<:<n:aqk—Fqu—F2 b >
(g +ax + 1) [K],, ~ 73
b2
+d<k<n: E
(qk +qr + 1 3
and since (g, ) satisfies (7.1), we obtain
st — lim ||Cl" (e2) — eal|,= = 0. (7.4)
n—oo

Hence, by using statistical Korovkin theorem, the desired result follows from (7.2)-
(7.4). O

Note: It is obvious that f(z) > 0 does not guarantee the positivity of the
operators CZ (f;x). Thus, we assumed that f is a monotone increasing function
on [0,b,]. By using this assumption, we showed the statistical convergence of the
operators via Korovkin theorem. However, this assumption is not sufficient to
investigate the rate of convergence and order of approximation because of the usual
definition of g—integral. In order to solve this problem, there are two ways proposed
by Gauchman[17] and Marinkovic [20]. They defined different types of g—integrals
namely, restricted g—integral and Riemann type g—integral respectively.
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In this study, we redefine ¢g—Chlodowsky-Kantorovich operators by using Rie-
mann type g—integral.

Definition 1. (Riemann type q—integral) Let 0 < ¢ < 1 and 0 < a < b. The
Riemann type g—integral is defined as follows:

[ @ dis=1-ge-0> e+ b-ad)d.

The modified version of C? (f;z) via Riemann type g—integral is as follows:
n k n—k  clk+1],/[n]
~ ) _ _k n T €T q q R
61 (fiw) =[], >0 [k] (b) (“—b) Ji  (but) dP.
k=0 q \Un n/q [k],/[n],

Lemma 7.2. Let 0 < ¢ < 1 and 0 < a < b, =+ L =1, for R;(|fg|;a,b) <
m m m n b
(Ry (11" :0.6)"™ (Ry (19" 30,6))", where Ry (f;a,b) = [ [ (x) dffa.

Proof. : Given in [13]. O

Remark 7.3. From ([13]), we can obtain the following integrals via making neces-
sary computations .

/ WSy
[

W/, ],
k1], /[nl, ! 2%
botdft = ¢F k], — + LL7
/[k]q /i, ‘ T 2, [
n k

/[HHQ/[ b e2dft = ¢ (k) A P A
n 3 3 3"
(K1, /], ! * [nl, 2l, I, Bl nl

Lemma 7.4. By using the above q—Riemann type integrals, we can obtain the
following formulas for the moments of C1 (f;x):

Ch(Liz) = 1,
. 2 by
Cl(ta) = ot
1+gq [n]q
. 4q? 1 n—1 4q> +5q+3 by,
61 (1 0) :q2< ¢ +a+ )[ ]qx2+q( ¢° + 5 + )x
@ +2¢*+2¢+1) [n], ?+2¢>+29+1) [n],
R

T AT 12
¢° +q+1[n];

Now, we can give the statistical approximation of C’?L (f;x) in the following
theorem.
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Theorem 7.5. Let q := (g,) be sequence satisfying (7.1) and let f be a function
defined on [0,00) by f € C,2]0,00), then we have

st — lim ‘an (-1, =o.
Proof. Tt is clear that
st — hm HC‘I" - 60‘ ,=0. (7.5)
Secondly,
€3 (e0) — ealler = L eallen + o2 (76)
" v n+ 1 (],

Now, for a given € > 0, we define the followmg sets:

L= {k : Héﬁl’“ (e1) —e1 . > 6}

q.—1 _ ¢ b €
Li:=<k: >—p, Lo=Rk:——>—=>5.
' { g + 1 2} ’ { [k, 2}

From (7.6), we see that L C Ly U Ly. So, we get,

. —1 b
6{k<n:HC§k(e1)—elH 2>E}<5{k<n:qk 2;}+6{k<n: k >§

ak +1 (14,
Since st — hm =l — () and st — lim %= = 0, we have
—00 q"+1 n—oo M ] an
st— lim |G (ey) — elH ,=0. (7.7)
n—oo x

Finally, we have
: 4g8 + % + 2 >[”‘1]
C‘Jn €2, ) —ex (T = n n n qn_]- :L'2
w (e2;m) — €2 () <<qg+2qg+2qn+1 g,

463 +5¢2 +3q, \ by 1 b2
3 2 T+ — D)
o +2q5 +2¢+1) [n], @G g+ 10

Using [n — 1],, < [nlq,,

A 4(]4 2_2Qn
Ci (e —e‘ < n— dn e ||z
H w(e2) = ea| q,L+2qn+2qn—|—1 ezl
Ag; + 543 +3qn | bn e flae + 1 b2
22 .
¢ +2¢2+2¢, +1|[n], " G2+ a0+ 1| [n]?
Let
4qn—qn 2qn — gy +5a; +3¢n bn

and 3, =
4 +2q; +2¢, +1[n],

i

+2qn—|—2qn+1
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it is easy to see that the followings hold:

2
st — lim a, =0, st — lim §, =0 and st — lim —35 0
n—oo n—oo n—oo [n]qn
Similarly, for a given € > 0, we define the following sets:
N = {k HCA',Z" (62) — €2H ) > 5},
x
1 b?

N :—{k:akZE},Ng::{k:ﬁkgg}’N3;:

ke — - >E
3 'q,%+qk+1[k]§k/3

It is obtained that N C N; U Ny U N3. So, we may write,

5{k§n:HC’Zk(eg;.)—eg 2>5} < 5{k<n:ak>§}+5{k<n:ﬁk2§}
1 b?
g tawt L[k, ~ 3
Thus, we obtain
st — lim Hé’g" (62;.)—62H ,=0. (7.8)

The proof is finished using (7.5), (7.7) and (7.8) via statistical Korovkin’s theorem.

O
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