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Abstract. The concept of Picard operator is one of the most important concept of fixed point theory. As known, a self mapping
T of a metric space X is called Picard operator (PO) if it has unique fixed point and every Picard iteration sequence converges to
this fixed point. There are some weaker forms of PO in the literature as weakly Picard operator (WPO) and pseudo Picard operator
(PPO). In this study, we present a new kind of PO as almost Picard operator (APO) and we show the differences from the others.
Then we show that every continuous P-contractive self mapping of a compact metric space is APO. Also we present some open
problems.
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INTRODUCTION

Let (X, d) be a metric space and T : X — X be a mapping. It is well known that for xy € X the sequence {x,} defined
by x, = Tx,-; for n > 1 is called Picard iteration sequence with the initial point xo. Then T is said to be a Picard
operator (PO) if it has a unique fixed point and every Picard iteration in X converges to the fixed point. T is said to be
a weakly Picard operator (WPO) if it has at least one fixed point and every Picard iteration in X converges to the one

of the fixed point.

Example 1 Let X = R be endowed with the usual metricand T : X — X defined by Tx = 1 forx > 0and Tx = -1
for x < 0. Then T is WPO but not PO.

Almost Picard Operator
Here we introduce a new concept for self mapping 7 on a metric space (X, d) as follows:

Definition 1 Let (X,d) be a metric space and T : X — X be a mapping. Then T is said to be almost Picard
operator (APO) if it has a unique fixed point and every Picard iteration in X has a subsequence which converges to
the fixed point.

It is clear that every Picard operator is an almost Picard operator. The following example shows that the converse
may not be true:

Example 2 Let X = [-1, %] be endowed with the usual metric. Consider a set A = {t, = (-=1)" + % :neNjcX
and define a mapping T : X — X as

tn+l , X = tl‘l €A
Tx=
1 , otherwise

Third International Conference of Mathematical Sciences (ICMS 2019)
AIP Conf. Proc. 2183, 060003-1-060003-4; https://doi.org/10.1063/1.5136158
Published by AIP Publishing. 978-0-7354-1930-8/$30.00

060003-1



It is clear that T has a unique fixed point which is 1. Now let xy € X be an arbitrary point. If xo ¢ A, then Txy = 1
and so we have x, = 1 for all n > 1. That is lim x,, = 1. If xo € A, then there exists ny € N such that xy = t,, and so
we have x,, = t,,+, for all n € N. In this case the sequence {x,} does not converge to 1, however, it has a subsequence
which converges to 1. Therefore T is an almost Picard operator, but not Picard operator.

In this note we show that every continuous P-contractive self mapping on compact metric space is almost Picard
operator. For the sake of completeness we recall the following: Let (X, d) be a metric space and 7 : X — X be a
mapping. Then T is said to be
(Cy) contraction if for all x,y € X there exists L € [0, 1) such that
d(Tx,Ty) < Ld(x,y),
(Cp) contractive if for all x,y € X with x #y
d(Tx,Ty) <d(x,y),
(C3) nonexpansive if for all x,y € X
d(Tx,Ty) <d(x,y).
(P;) P-contraction if for all x,y € X there exists L € [0, 1) such that
d(Tx,Ty) < L{d(x,y) + |d(x, Tx) — d(y, Ty)l},
(P,) P-contractive if for all x,y € X with x # y
d(Tx, Ty) <d(x,y)+|d(x,Tx) - d(y, Ty)l,
(P3) P-nonexpansive if for all x,y € X
d(Tx,Ty) <d(x,y)+|d(x, Tx) —d(y, Ty)|.

Remark 1 It is well known that (Cy) = (Cyy1) and it is easy to see that (Py) = (Piy1) for k € {1,2} but the
converse may not be true. Also it is easy to see that (Cy) = (Py) for k € {1,2,3}.

We can find some examples that shows the converse may not be true in general.
Example 3 Let X = [0, 1] with the usual metricd and T : X — X, defined by
% , x=0

Tx =
, x#0

(TR

Since T is not continuous, then T is not nonexpansive. Now without lost of generality assume y < x. Then it is clear
that

1
d(Tx,Ty) = Ed(x, y)

fory > 0. Also, we have

d(TO, Tx) = IITX' <x+ 'I%X' = d(0, x) + |d(0, TO) — d(x, Tx)|.

Therefore T is P-contractive and so it is P-nonexpansive. Thus (P3) = (C3).

Banach fixed point theorem stays that every contraction self mapping of a complete metric space is a Picard
operator. In the parallel manner, Popescu [6] proved the following (see also [3]):
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Theorem 1 Let (X,d) be a complete metric space and T : X — X be a P-contraction mapping. Then T has a
unique fixed point and for every x € X the sequence {T"x} converges to the fixed point of T.

Therefore, a self mapping satisfying (C;) or (P;) of a complete metric space is a Picard operator.

On the other hand, by Edelstein fixed point theorem we know that every contractive self mapping of a compact
metric space is a Picard operator. That is, a self mapping satisfying (C,) of a compact metric space is a Picard operator.
In this direction, Altun et al [1] proved that every continuous P-contractive self mapping of a compact metric space
has a unique fixed point. In Example 3, although the space (X, d) is compact and the mapping 7 is P-contractive, it
has no fixed point. This shows that the continuity of the mapping 7 in the result of Altun et al [1] can not be removed.
In [1], it is presented an open problem (Problem 2.15 in [1]) that whether continuous P-contractive self mapping of a
compact metric space is a Picard operator.

The following theorem partially answered this problem by shown the mentioned mapping is almost Picard oper-
ator.

Theorem 2 Let (X, d) be a compact metric space and T : X — X be a continuous P-contractive mapping. Then
T has a unique fixed point in X and every Picard iteration has a subsequence which converges to the fixed point.

Proof 1 By Theorem 2.14 in [1], we know that T has a unique fixed point, say z € X. Now let xy € X and {x,} be

the Picard iteration associated xo. If there exists ny € N such that x,, = z, then we have x, = z for all n > ng and so

lim x,, = z. Suppose x,, # z for all n € N and so we have x, # x,.1 = Tx, for all n € N. Hence from (P,) we have
d(xn, Xps1) = d(Txn—l’ Tx,)

d(xp—1, Xn) + 1d(xn-1, TXp—1) — d(x, Tx)|

d(xn—la xn) + |d(xn—l, xn) - d(xm xn+1)| .

A

Now if there exists m € N such that d(X,-1, X)) < d(Xy, Xins1), then from (1), we have
d(-xm» xm+1) < d(xm—l ) -xm) + |d(xm—1 B xm) - d(xm’ Xm+1 )l
= d(xm—l, Xm) — d(xm—l’ Xm) + d(xm: Xm+1)

d(Xpy Xpi1),

which is a contradiction, so d(x,-1,X,) > d(x,, X,+1) for all n € N. Therefore the sequence of real numbers defined
by a, = d(x,, x,+1) is a decreasing sequence which is bounded below. Hence there exists a > 0 such that lima, = a.
Suppose a > 0. Since X is compact there exists a subsequence {x,,} of {x,} which converges to a point w € X. By the
continuity of T we have

O<a= ]}Lrg ay, = kh_{g d(Xpy s Xpy41) = kh_)rg d(Xp, Txy) = dw, Tw),

which shows that w # Tw. Now from (P;) we have
d(T*w, Tw) < d(Tw,w) + |[d(T*w, Tw) — d(Tw, w)|

and so

d(T?*w, Tw) < d(Tw, w).
Therefore we have

0 < a= kli_)l’?oank+l

= 1im d(xe%02)

= lim d(Tx,,, T2x,,)

= d(T*w,Tw) <d(Tw,w) = a,

which is a contradiction. This shows that a = 0 and hence d(w,Tw) = 0. That is, z = w and so limy_, X, = 2. This
shows that T is an almost Picard operator.

Problem 1 Does the mapping (mentioned in Theorem 2) Picard operator?
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P-Nonexpansive Mappings
For nonexpansive mappings, Schauder proved that every nonexpansive self mapping of a nonempty, closed and convex
subset C of a Banach space X satisfying T(C) is a subset of a compact set of C, has a fixed point. Here we can prove

the following:

Theorem 3 Let C be a nonempty, closed and convex subset of a Banach space X, T : C — C be a continuous
P-nonexpansive mapping. If T(C) is a subset of a compact set of C, then T has a fixed point.

Proof 2 Let xo € C and define
1 1
T,x = (1 - —) Tx+ —xo
n n
forne{2,3,.--}. Since C is convex and xo € C, then T, : C — C foralln € {2,3,---}. Also for all x,y € C, we have

ITx = Tyl

1
(1 - —) ITx = Tyl
n

IA

1
(1 - ;) {llx =yl + lllx = Tl = Ily = Tl

foralln € {2,3,---}. That is, every T, is a P-contraction. Therefore by Theorem 1 each T, has a unique fixed point
zn € C, that is,

1 1
n = 1plp = (1 - _)Tzn"" —X0
n n

foralln € {2,3,---}. On the other hand, since T(C) lies in a compact subset of C, there exists a subsequence {z,,} of
{zn} such that Tz,, — z € C as k — oco. Hence

1 1
Zny :(1 ——)Tznk +—x9g >z as k— oo.
Ny 174

By the continuity of T, we have Tz,, — Tz as k — oo and therefore z = Tz.

In 1965, Browder [2], Gohde [4] and Kirk [5] independently proved the following fixed point theorem for nonexpan-
sive mapping:

Theorem 4 Let C be a closed, convex and bounded subset of a uniformly convex Banach space and T be nonex-
pansive self mapping of C. Then T has a fixed point in C.

Problem 2 Does Theorem 4 valid for continuous P-nonexpansive mapping?
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